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An important class of structural mechanics problems deals with the 
stress analysis of bodies in contact. The primary objective of this study 
was to develop a system capable of solving large and complex frictional 
contact problems with special emphasis on truss-type bolted connections 
in three dimensions. 
Isoparametric finite elements were used in this study to allow 
effective modeling of irregular geometries. A variational principle was 
developed which provided a convenient means for carrying out the finite 
element discretization and for arriving at a symmetrical system of 
simultaneous equations. 
An important feature of this study is the incorporation of the 
interbody tractions on the contact surface as primary variables, thus 
avoiding the need to return to the element level to compute and average 
the contact stress after each load step. This was accomplished without 
modification of the standard finite element method by the development 
of special interface elements which are used along the interbody surfaces. 
These elements contain "stress nodes" whose unknowns are the interface 
tractions. 
The numerical procedure presented allows either incremental loading 
or iteration with total loads for those problems in which the solution 
is independent of applied load level. It accounts for frictionless as 
well as frictional contact. 

i i 
For the incremental procedure, the load pattern is applied at each 
step and a load factor is computed for each IIstress node". Each factor 
represents the lowest fraction of the load which will cause that node to 
change IImode ll • The minimum load factor determines the size of the load 
step. 
The procedure was implemented in a general-purpose finite element 
program called FINITE, which features user-oriented input, and reaccess, 
substructuring and static condensation capabilities. Use of static 
condensation allows the incremental or iterative solution to be carried 
out on a relatively small number of nodes. 
The procedure presented here applies to surfaces which are initially 
in contact. However, it can be easily extended to include interferences 
or initial clearances. 
The results for several examples were presented and compared with 
experimental and analytical solutions. The comparisons indicate that 
geometrically more complex bolted connections can be handled with good 
accuracy. 
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CHAPTER 1. INTRODUCTION 
1.1 GENERAL 
An important class of structural mechanics problems deals with the 
stress analysis of bodies in contact. The extent of the contacting 
surfaces may depend on the level of applied loads, and the contact may 
be frictional or smooth. Such stress analysis problems are nonlinear 
and therefore quite complex. 
Of particular interest are truss-type bolted connections in three 
dimensions (Fig. 1.1). The solution of this problem motivated the 
present investigation. A brief discussion is presented herein. 
Due to the cost and complexity of performing full-size tests for 
rolled, truss-type members, little data concerning their behavior is 
available. Such 1imitat;'ons have led to specifications for such members 
based on the data from flat plate lap joint tests. 
Exploratory tests conducted on I-sections [19J indicate that the 
net section fatigue design stresses given in the current specifications 
may be unconservative for such members. An analytical method that can 
better define the principle variables will reduce considerably the amount 
of testing needed to better define suitable design requirements. 
This type of connection is defined as a IIfriction type". The area 
of contact and pressure distribution between the plates or members due to 
the bolt load (clamping forces) will vary depending on the applied external 
load and a variety of other factors. As the load increases, this area 
varies until slip is produced and bearing of the bolt takes place. At the 
same time, as the external load is applied, friction forces develop between 
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the connected members due to the normal load induced by the clamping forces. 
The load is then transferred from one plate to the other by these friction 
forces. They depend on the external load level and the clamping forces. 
1.2 RELATED WORKS 
Exact solutions of contact problems exist for simple, idealized 
problems, requiring sophisticated mathematical analyses [1,4,14,15,20,21J. 
Such solutions are not feasible for contact problems involving more 
complicated geometries, such as bolted connections or shrink fits. 
The finite element method rns provided a means to obtain solutions 
to more realistic structural problems. It has been applied to a wide 
class of engineering problems but it is most advanced in the field of 
structural analysis. Several publications particularly relevant to this 
study are mentioned below. 
Problems involving bolted joints have been analyzed using the finite 
element method by Spiers and Cullimore [22J and by Gould and Mikic [18J. 
In [22J, a solution for a double-shear, friction-grip joint was obtained 
using plane stress triangular elements. The joint was idealized as two 
overlapping plates with elastic connections between those nodes which came 
within the area of contact. The initial area of contact due to the bolt 
pressure is assumed and an incremental procedure is applied in which the 
stiffness matrix is modified after each incremental st0P by allowing the 
slip of one node at a time. In [18J~ a bolted joint was analyzed using 
the finite element method. The joint consists of two circular plates 
under axisymmetric loading (asumed bolt pressure). Using axisymmetric 
elements and an iterative procedure, the area of contact and pressure 
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distribution were found. No frictional slip was allowed. Nodes were 
either in separation or in adhesive contact. 
More general procedures for the solution of contact problems have 
been presented. Wilson and Parsons [2~] described a "differential 
displacements" technique for problems with interference fits. The 
equilibrium equations are formula~ed for each body separately in terms 
of the unknown contact forces and known differential displacements 
(interferen~e). The contact forces are eliminated, and the resulting 
equilibrium equations, in which the interferences appear as effective 
loads, are solved for the nodal displacements. In this procedure, 
separation and frictional slip are not allowed. Several axisymmetric 
problems were solved using simple triangular and trapezoidal ring 
elements .. Gangal [24J described a similar procedure for interference 
fits in which the interference is simulated by a uniform temperature 
field. 
Scholes and Strover [25J presented a systematic method of analysis 
for two connecting structures with initial clearance and frictionless 
contact. The method consists of an incremental procedure in which the 
incremental displacements on the contact surface for each body are 
expressed in terms of the change in applied loads using flexibility 
matri ces. It is assumed tha t one body may be free whi le the second. 
is supported. The equilibrium equations, which may involve incremental 
rigid motions, are then formulated for the unsupported body. Application 
of constraint equations to the assumed contacting nodes defines a set of 
equations with unknown displacement increments (rigid body motions) and 
unknown load increments (load factor is unity). Solving for these 
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unknowns, the load factor is found so that one node separates or comes 
in contact. A two dimensional pin-and-eye problem was solved using 
simple triangular elements. 
Francavilla and Zienkiewicz [2:6] published a work very similar to 
the one presented by Scholes and Strover, except that interference fits, 
as well as initial clearances, were accounted for. Whereas [25] used 
simple elements, [26] uses more refined elements (two dimensional iso-
parametric). Also, the contact pressure is interpolated using nodal 
values and element shape functions. In both references, interpenetration 
was not allowed. 
Chan and Tuba [16] presented an incremental procedure for frictionless 
and frictional contact problems. An overrelaxation procedure was used to 
solve the set of nonlinear equations. In this method, the equilibrium 
equations are formulated for each body separately in terms of the 
displacements and the contact forces. Another condition is imposed, that 
the points in the contact bodies cannot interpenetrate. The nodal 
displacements can then be solved for and an iterative process carried out 
within the step to allow several points to come in contact~ The process 
is repeated with higher loads to obtain new contact points, until the 
external load is reached. Several two-dimensional problems were solved 
using simple triangular plane stress elements. 
Fredriksson [27], in a publ ication which appeared near the 
conclusion of this investigation, presented an incremental formulation 
of frictional or frictionless contact problems, which is similar to that 
developed in this study. The numerical implementations of the two 
approaches differ, however. In [27], the equilibrium equations are 
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formulated in terms of unknown nodal displacement increments and the 
interface tractions are computed from the stresses at the end of each step. 
These tractions are applied to the next step by computing an equivalent 
nodal load vector. At each step, the appropriate constraints are applied 
for nodes in contact. Due to finite increments iterations are necessary 
within the increment. This procedure is very similar to the standard 
approach for elasto-plastic problems. The theory in [27J was specialized 
for two-dimensional problems and a finite element computer program was 
developed for plane stress, plane strain, and axisymmetric problems. 
1.3 OBJECT AND SCOPE 
The primary objective of this study is to develop a system capable 
of solving large and complex contact problems such as the truss-type 
bolted connection. The system is implemented in a general-purpose finite 
element computer program to allow this flexibility. 
The procedure presented here is formulated for problems whose 
surfaces are initially in contact. However, the procedure can be easily 
extended to handle interferences or initial clearances. The procedure is 
valid for bodies of general shape in 2 or 3 dimensions with frictional or 
frictionless contact surfaces. 
The approach presented in this study differs from most of those 
discussed above in that both displacements and tractions on the contact 
surface remain as unknowns. This was accomplished without modification 
of the standard displacement finite element method by the development of 
special interface elements which are used at the contact surface. 
6 
The numerical procedure presented allows either incremental loading, 
or iteration with total loads for those problems in which the solution is 
independent of applied load level. 
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CHAPTER 2. THE CONTACT PROBLEM 
2.1 GENERAL DESCRIPTION 
Many engineering stress analysis problems involve two or more assembled 
bodies which mayor may not be mechanically joined. A contact problem 
occurs when at least two of the bodies not mechanically joined touch each 
other without becoming rigidly attached. They can touch either at a point, 
along a line, over a surface, or over a combination of these elements, 
defining a contact region. The transmission of forces from one body to 
another is done through this region by normal compressive stresses and 
tangential or shear stresses if friction exists. While the initial state 
of contact is determined by the geometric features of the bodies, the 
extent of the contact generally changes when the bodies are deformed by 
the applied loads or other sources of stress [lJ. 
For these elasticity contact problems, certain boundary conditions 
are prescribed over some region which is not explicitly specified, but 
the extent of which has to be determined as a part of the solution of the 
problem by utilizing some condition such as finiteness of stress at the 
boundary of that region. Such unknown extent of the boundary can often 
be regarded as some kind of eigenvalue [2J. 
Frictionless and Frictional Contact Problems 
Depending on the conditions of the interbody boundaries, contact 
problems can be frictionless, frictional or a combination of both. 
A. Frictionless Problems 
When friction is not present, the interbody boundaries accept only 
normal compressive stresses. Relative displacements of points along the 
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contact region are constrained in a given direction, but are unobstructed 
in the opposite direction, "i.e., the bodies can separate but not 
interpenetrate. 
Sayegh [3J has considered the special case of frictionless contact 
between a body and a nonyielding support. He has shown that it is 
possible to extend the principles of minimum potential energy and minimum 
complementary energy to include structures with so-called "indeterminate" 
boundary conditions. It is only necessary to further restrict a 
kinematically or statically admissible field such that it does not 
violate the indeterminate boundary conditions. This introduces a set 
of linear inequality constraints and it is no longer possible to set 
the first variation of the potential or complementary energy to zero 
to obtain the minimum. 
The analysis of this type of structure is essentially a nonlinear 
problem and a trial and error approach, where a linear analysis is 
conducted in each iteration, has been traditionally used to solve such 
problems. Sayegh has proven by means of a counterexample, that this 
method does not converge in every case to the correct result. 
For a general elastic material, the energy expression to be 
minimized is a general nonlinear function, hence the minimization must 
be performed numerically. However, for a linear elastic material the 
energy becomes a quadratic function, and since the constraints are 
linear, Sayegh used a quadratic programming scheme. 
B. Frictional Problems 
As mentioned before, the presence of friction along the contact 
region allows tangential or shear stresses as well as normal compressive 
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stresses to be developed along the interbody boundaries. 
In general, the contact region for frictional contact problems can 
be divided into a completely adhesive zone, across which both normal and 
tangential displacements are continuous, and a slip zone where normal and 
shearing stresses are related according to a certain specified friction 
law (In this study Coulomb type friction will be used). The extent of 
adhesive (stick) zone is unknown in advance. Because of the presence of 
friction these problems are load path dependent and the solution cannot 
be formulated in terms of the total stresses. An incremental solution 
must be used. 
It should be noted that, depending on the geometry of the interbody 
boundaries as well as the type of loading, the state of stress along the 
contact region can be su~h that only normal compressive stresses are 
present. In this case, friction is inactive. These types of problems 
belong to a special class of contact problems for which several properties 
apply, which will be discussed below. 
C. Combined Problems 
A contact problem might arise for which part of the interbody 
boundary is frictionless and part frictional. In such cases, the 
conditions that apply to frictional problems are predominant and the 
problem must be treated as in the purely frictional case. Hence, an 
incremental procedure must be used. In this study, an incremental 
procedure capable of solving both frictionless and frictional contact 
problems will be developed. 
From the previous discussion, several regions can then be recognized 
in a general contact problem as shown in Fig. 2.1: 
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Total Volume V, the sum of Vl , V2, . ,., the volume of each body. 
Displacement Region Su, the boundary region where the displacements 
have been prescribed. 
Load Region St, the boundary region where the tractions have been 
prescribed. 
Interbody Boundary Region S*, the region where the boundaries of 
two bodies are in contact with each other or may come in contact 
as a result of the load application. It can be divided into: 
Separation Region. The part of the interbody boundary region 
IAlhClY'CI thCl hnrl\l hnllnrli=lY'iCl~ hi=l\lCl nnt rnmA in rnntrlrt nY' if nY'CI\linIJ~l\l 
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in contact, have separated as a result of the load application. 
Contact Region. The· part of the interbody boundary region where 
the body boundaries have come into contact or remain in contact. 
Depending on whether or not friction exists, the contact region 
can be subdivided into frictional and frictionless contact. 
Frictional Contact. If friction exists, the magnitude of 
the tangential stresses cannot exceed a certain limit which 
depends on the type of friction. Thus, depending on the 
state of stress along the frictional contact region, it can 
be divided into: 
Stick Region. The part of the frictional contact region 
where the magnitude of the tangential stresses is lower 
than the limiting value due to friction. 
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Slip Region. Along this region, the magnitude of the 
tangential stresses have reached the allowable value 
due to friction. In this study, Coulomb friction is 
used and therefore, this region will be called Coulomb 
Slip Region. 
Frictionless Contact. If friction is not present, a 
tangential movement is allowed at all times. Hence, 
frictionless contact contains only one region, namely 
Slip (frictionless) Region. The part of the contact 
region where friction is zero and therefore no tangential 
stresses can exist. 
In summary, ,theinterbody boundary region can contain any combination 
the following four regions. The notation given below will be used 
throughout this study to identify the different regions. Thus 
S;ep = Separation Region 
S;t = Stick Region 
S~sl = Coulomb Slip Region (frictional) 
S* = Slip Region (frictionless) sl 
Receding Stationary and Advancing Contact Problems 
Depending on how the contact surfaces in the loaded configuration 
compare with those established by the geometries in the unloaded state, 
contact problems, smooth or frictional, can be classified into three types: 
Receding Contact. The contact region under loading is contained 
within the contact region in the unloaded configuration. 
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Stationary Contact. The contact region does not change upon loading, 
i.e., the boundaries of the contact region in the loaded and unloaded 
configurations coincide. 
Advancing Contact. The contact region under loading is not wholly 
contained within the contact region in the unloaded configuration. 
Dundurs and Stippes [4J have found that, although it may not always 
be possible to distinguish between the three types of problems merely on 
the basis of physical insight, once this has been accomplished one is able 
to predict certain features of the resulting stress fields without solving 
the problem fully. The following conclusions have been taken from 
Reference [4J. 
Plane Problems with Receding and Stationary Frictionless Contacts 
This type of contact problem has the following properties, provided 
there are no net forces transmitted by closed contours lying in the body, 
or 
Jr F dS = J F dS = 0 S x S y (2.1) 
where F and F are the components of tractions, and S is the arc length 
x y 
along the contour. Then, 
1) The stresses are proportional to the level of the applied 
tractions. 
2) If conditions (2.1) are satisfied, the stresses do not depend 
on the elastic constants and, in particular, on Poisson1s ratio 
of the material. 
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3) If conditions (2.1) are satisfied, the receding contact arcs 
in the loaded configuration are independent of the elastic 
constants, but if (2.1) are violated they depend merely on 
Poisson1s ratio. Furthermore, the contact arcs are independent 
of the level of applied tractions. This implies that the 
receding contact arcs contract discontinuously upon gradual 
application of the prescribed surface tractions. 
Plane Problems with Advancing Contacts 
No results comparable to those for receding and stationary contact 
can be deduced. Thus, in such problems, the stresses depend on the 
elastic constants, and the contact arcs change with the level of loading. 
Three Dimensional Problems (frictionless) 
Conclusions 1 and 3 hold also for frictionless three-dimensional 
problems with receding and stationary contacts, the only difference being 
that the stresses and the contact surfaces generally depend on Poisson's 
ratioo 
2.2 SLIP FUNCTION AND SLIP RULE 
As mentioned above, friction plays, an important role in the behavior 
of some contact problems. In this section, a functional representation 
of the friction forces will be discussed. 
Let us define the following quantities for any point on the interbody 
boundary S* at any level of loading (Fig. 2.2). A variable with a 
superscript 11011 refers to a cumulative or total quantity. A prime 
indicates an infinitesimal incremental quantity. A vectorial quantity 
is represented by the symbol IIrv" over the variable. 
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'V 'V 
to t l = total and incremental traction vectors on S* 
total and incremental relative displacement vectors. 
The relative movement between the two adjacent boundaries 
on S*. 
i = 1,2,3 directions of Cartesian coordinate axes 
'V 
n = unit vector, normal to S* 
Then, 
to = n.t~ N 1 1 
(2.2) 
fluo = n.flu~ N 1 1 
where tN is the normal component of the total traction and flU N is the 
normal component of the total relative displacement vector (a positive 
sign indicates separation of the two surfaces). 
Slip Function 
In general, the frictional behavior can be formulated in terms of 
the total tractions by a IIslip function ll f(ti). The slip function defines, 
Slip Mode, if f(t~) = 0 (2.3) 
1 
Stick Mode, if f(t~) < 0 or f' < 0 
1 
provided tN < 0 (compression) 
(2.4) 
where fl is the incremental change in f(ti) due to an incremental change 
t~ in the tractions. 
1 
In this study Coulomb type friction is assumed. Therefore, the 
slip function becomes 
(2.5a) 
where 
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t~ magnitude of the tangential component of the total 
traction vector 
~ = the friction coefficient 
If ~ = 0, the slip function becomes 
f(t~) = to 
1 • S ' 
(2.5b) 
At a given load level, this function requires the absolute value of 
the tangential traction to be less than or equal to the friction 
coefficient times the absolute value of the normal traction. 
The tangential traction can be written as 
to = t~ - n.(n.t~) 
s. 1 1 J J 1 
(2.6a) 
or 
to = t~ - n.tN° Si 1 1 (2.6b) 
where the summation convention applies for repeated indices, and Latin 
iridices take values 1 ,2,3. 
Then, the magnitude of the tangential traction is 
(2.7) 
Equations (2.5) and (2.7) define the Slip Function in terms of 
the Cartesian components of traction. For a given normal traction, the 
components to ,t~ of the limiting shear resistance trace out a circle 
sl 2 
with radius ~ltNI. The radius of the circle increases linearly with ItNI 
defining a cone, whose equation is f = 0 (Fig. 2.2(b)). The interior of 
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the cone is defined by f < o. Equation (2.5) is valid only when the normal 
traction is negative (compr~ssion). The general slip behavior in contact 
problems where friction is present can be described as follows: 
For a given load level (assuming that the normal traction remains 
compressive) a point on the interbody boundary region S* is in Stick ~~ode 
if the magnitude of the tangential component ts is less than the maximum 
allowable value llitNI (f<O), or iff=O and fl<O ("unloadingll). Additional 
shear is permitted as shown by the dotted lines in Fig. 2.2(c), which 
illustrate the casein which tN remains constant. 
The point is in Coulomb Slip Mode if the magnitude of the tangential 
component has reached the maximum allowable by friction, i.e., f=O. The 
traction will remain on the conical surface described by Eq. (2.5) (Fig. 
2.2((c)). 
Slip Rule (frictional) 
It is assumed that when slip occurs, the incremental slip is in the 
direction of the total tangential traction (Fig. 2.2(c)). Thus 
6U~ = Also 
1 1 
(2.8) 
where 
AI = a positive constant 
s. = a unit vector in the direction of to 
1 s. 
1 
This is analogous to a nonassociated flow rule in plasticity. That 
is, Eq. (2.8) gives an incremental slip which, rather than being in a 
direction normal to the surface f=O, lies in the plane tangent to the 
contact surface. This slip rule is used so that an incremental relative 
displacement normal to the contact surface will not occur during slip. 
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Slip Rule (frictionless) 
In the case of frictionless contact (~=O), the slip rule given by 
Eq. (2.8) is not applicable since si has no meaning for the frictionless 
case. The slip rule is replaced by one which allows relative incremental 
slip in any tangential direction, but which enforces ~u~ = O. A vector 
y~ replaces the scalar ~I, and the slip rule can be written as 
L1U ~ = y'. p .. 
1 J 1 J 
where 
P .. = 0 .. - n·n. lJ lJ 1 J 
is a projection operator which projects any vector into a plane with 
normal n. (0 .. = 1 if i = j, 0 otherwise). However, this form of the 
1 1 J 
(2.9) 
slip rule will lead to some difficulties with redundant constraints in 
the numerical implementation. This is because the projection operator 
is singular, i.e., it has an eigenvector ni , with zero eigenvalue as 
can be verified directly by substitution. An alternate viewpoint is 
to note that a constraint, ~u~ = 0, is implied in Eq. (2.9) 
In order to eliminate this singularity, P .. is rewritten as lJ 
1 1 2 2 P .. = v.v. + v.v. lJ 1 J 1 J 
1 2 
where vi and vi are 2 unit vectors in the tangential plane, chosen so 
2 2 that (v.,v.,n.) form a right-handed orthogonal set of axes. Equation 
1 1 1 
(2. 10) can then be wri tten as 
P.. = vCY;vCY: lJ 1 J 
(2.10) 
(2.11) 
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where the summation convention applies, and Greek indices take values of 
1,2. When Eq. (2.11) 1s incorporated into Eq. (2.·9), the slip rule 
(frictionless) becomes 
(2.12) 
where 
so that two constants Ail and As2 are involved in the frictionless slip rule. 
2.3 INTERBODY "BOUNDARY CONDITIONS" 
In addition to the equilibrium conditions, stress-strain relations 
and boundary conditions necessary for all stress analysis problems, contact 
problems require some IIspec'ialu boundary conditions ong the interbody 
boundary region. 
For a given load level, a point on the interbody boundary region S* 
falls into or remains in one of four modes. The boundary conditions on the 
incremental tractions and displacements for each of these four regions are 
formulated in this section. 
1) Separation Mode 
The total traction is equal to zero and the total normal relative 
displacement is greater than or equal to zero. 
(2.13) 
Contact Mode 
Stick, Coulomb Slip, and 1p (frictionless) modes are all contact 
modes in which the traction 1s or less zero 
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(compression) and the total normal relative displacement is zero. 
on S~t' S~sl' S~l. 
2) Stick Mode 
when f<O or f'<O. 
3) Coulomb Slip Mode 
llu~ = 0 
1 
on S* st 
The slip function f=O. If the point remains in slip mode, the 
traction vector moves along the cone defined by Eq. (2.5). Then, for 
Coulomb slip mode, 
f' = 0 and llu~ = A IS. on S* 1 1 csl 
when f = o. 
The requirement f' = 0 can be written as 
(s. 
1 
+ 11n.) 1 t: 1 = 0 
4) Slip (frictionless) Mode 
For frictionless slip mode, f = 0 (11 = 0). Then 
on S;, 
when f = O. 
where the incremental slip function f' = 0 can be written as 
vC:-t~ = 0 
1 1 
a = 1,2 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
The conditions on incremental relative displacement for all three 
Contact modes, i.e., Stick, Coulomb Slip, and Slip (frictionless) can be 
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combined into a single expression 
(2.19) 
on S~t' S~sl' S~l 
where AI = 0 , Ala = 0 on S*st 
AI > 0 , Ala = 0 on S~sl 
AI = 0 on S~l 
Discussion 
In order to uniquely specify the boundary conditions in three-
dimensional problems of elasticity a total of three conditions must be 
specified at each point along the boundary. In contact problems, these 
conditions are satisfied along the four interbody boundary regions as 
follows: 
Along the Separation Region, Eq. (2.13) gives conditions on the 
three traction components . 
. For the Stick Region, Eq. (2.14) provides three conditions on the 
relative displacement components. 
If friction is present, in the Coulomb Slip Region three 
conditions are given by the Slip Rule (Eq. 2.15), which adds the unknown 
AI. However, the requirement that the incremental change of the ~ 
Function be zero (Eq. 2.16) provides the additional condition. 
Finally, for frictionless Slip Region, the corresponding Slip Rule 
(Eq. 2.17) gives three conditions and introduces two additional unknowns 
(Ala). The extra conditions are again given by the requirement f' = 0, 
which now yields two equations (Eq. 2.18). 
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2.4 VARIATIONAL PRINCIPLE 
The finite element method was chosen in this study in order to obtain 
numerical solutions to the contact problem. A variational principle, 
developed in this section, provides a convenient means for carrying out 
the finite element discretization, and for arriving at a symmetrical system 
of simultaneous equations. It is emphasized that the variational principle 
developed below is not a minimtim principle. 
An important feature of this study is the incorporation of the 
interbody tractions as primary variables. This avoids the usual 
difficulties in averaging finite element stresses .. Furthermore, by using 
the tractions as primary variables, there is no need to go back to the 
element level to compute stresses at each iteration, which should be a 
computational advantage, ,espeCially when used in conjunction with a 
substructuring approach. This was accomplished by developing an 
"interface" element containing the interbody tractions as nodal unknowns 
(Appendix 8). 
A rate principle can be formulated with the following independent 
variables: 
u~, the displacement rates 
1 
ti' the interbody traction rates 
AI, Lagrange multipliers (frictional slip) 
Ala, Lagrange multipliers (frictionless slip) 
The variational principle leads automatically to a symmetric set of 
equations when the finite element discretization is introduced. As a 
consequence, it is impossible to satisfy both Eqs. (2.15) and (2.16) in 
the Coulomb Slip Region, when a variational principle is used. This is 
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because these two relations, when discretized, give anunsymmetric set 
of equations. 
Since unsymmetric equations are inconvenient to deal with, the slip 
rule (Eq. 2.19) is incorporated into the variational principle, and the 
constraint (Eq. 2.16) is satisfied by means of iterations. 
A functional I(u~, t~, Ai, Ala), similar to a potential energy rate, 
1 1 
is defined as 
I = t Iv 0~ . E: ~ . dV - Iv F~ u~ dV - f . P lJ lJ 1 1 S 1 t 
+ f t ~ [llu ~ - AlSo _Ala. v~J dS 
S* 1 1 1 
The variables satisfy the II forced boundary conditions". 
where 
u ~ = u~ on Su 1 1 
t~ = 1 0 on S~ep 
AI = 0 on S~ep' S~t' S~l 
Ai > 0 on S~sl 
-
Ala. = 0 on S~ep' S~t' S~sl 
F~ = prescribed body force rate in V 
1 
ti ::: prescribed surface traction rate on St 
ui = prescribed displacement rate on Su 
E:~. ::: -21(u~ . + u~ .) ::: the strain rate lJ 1,J J,l 
a~j = Dijkl E:~1 = the stress rate 
and Dijk1 = the elastic constitutive tensor 
u! 
1 
dS 
(2.20) 
(2.21 ) 
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The variables u ~ , 
1 
t~, AI and Ala are given independent variations, 
1 
yielding 
01 == f [cr l •• ou~ . - F. OU!] dV - f t! OU~ dS 
. V lJ 1,J 1 1 S 1 1 
t 
+J ot![~u~ - AIS. - A,av<:] dS + f t![o(~u!),.. oA's.- OAla vC:] dS S* 1 1· 1 1 S* 1 1 1 1 
where use has been made of the elastic relations between stress rate and 
strain rate, and the symmetry of the stress rate tensor. 
The first integral on the right can be written as 
I cr ~. ou ~ . dV == f (cr ~. OU ~) . dV - ( cr ~. . oU ~ dV V lJ 1,J V lJ 1 ,J J V lJ ,J 1 
Gauss' divergence theorem is now used, to write 
I (cr ~. ou ~) . dV == f n. cr o. ou! dV V 1 J 1, J ES J 1 J 1 
where ES == Sl + S2 + .... denotes the sum of the surfaces enclosing the 
volumes V" V2 .... of the bodies. 
The total interbody surface S* is made up of portions of Sl' S2' ... 
in pairs, i.e., it takes portions of the surfaces of two bodies to make up 
one interbody surface. On the common surface, the outward normals to the 
two bodies have opposite directions. One of the normals is chosen 
(arbitrarily) to define the surface S* (Fig. 2.l(c)). One body then 
has normal ni , the other (-n i ). Thus 
f (cr~ 0 ou~) . dV == ( n· cr~. ou~ dS - f n. cr~. o(~u~) dS V 1 J 1, J J S +S J 1 J 1 S* J 1 J 1 
U t 
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where ~Ul~ = u~(+) - u!(-), the jump across the surface S*. The normal 
1 1 
n. points from the (-) body to the (+) body. 
1 
The first variation of I is then 
01 = -fv(ajj,j + f;l QUi dV + Is (n j aj j - til QUi dS 
t 
+[ (-n. cr~.) o(flu~) dS + f [(t~ - n· cr~.) o(~u!) + flu! ot~J dS 
S* J 1 J 1 S* 1 J 1 J 1 1 1 sep st 
+J {[t~ - n. cr!.J o(flu~) + [so t!J oA' + [flu! - AIS.] ot!} dS 
S* 1 J 1 J 1 1 1 1· 1 1 csl 
+J {[t~ - n. cr~.J o(flu!) + [ve: t!] oA,a + [flu~ - Ala v~J ot!} dS S* 1 J 1 J 1 1 1 1 1 
sl 
where the admissibility conditions on u~, t~, AI and Ala have been used. 
ou~ gives 
1 
ot~ gives 
1 
oA O 0/. gi yes 
cr ~. . + F~ lJ,J 1 
n. 
J 
cr ~ . 
lJ 
n· J 
cr ~ . 
lJ 
t~ 
1 
~u~ 
1 
~u~ 1 
flu~ 
1 
s. t~ 
1 1 
a t l v. . 
1 1 
= 
= 
= 
= 
= 
= 
= 
= 
= 
I I 
0 in V 
t~ 
1 
on St 
0 on S* sep 
n. cr! . on S~t ' S* S* J lJ cs 1 ' sl 
0 on S* st 
AD s· 1 on S* cs1 
Ala a v. 
1 
on S* 
sl 
0 on S* csl 
0 a. = 1 ,2 on S~l 
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Note that on the Coulomb Slip Region S~sl' the constraint si ti = 0 
is generated from the variational principle rather than (s,. + ~n.) t~ = 0 
, 1 
(Eq. 2 .. 16). The generated constraint forces the incremental tangential 
traction to be tangent to the "slip cone ll , but leaves the incremental 
normal traction unconstrained (Fig. 2.3). 
On the other hand, on the Frictionless Slip Region, two constraints 
on ti are generated rather than a single constraint in the frictional case. 
The constraint is 
t' = 0 
s 
or 
which is the correct one (Eq. 2.18). 
f' = 0 
This is a reflection of the fact that minimum principles exist for 
the pure frictionless case (S~sl = 0) as previously mentioned. The 
frictionless case, therefore, does not really require an incremental 
formulation. 
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CHAPTER 3. ANALYSIS PROCEDURE 
3. 1 THE FINITE ELEMENT METHOD IN CONTACT PROBLEMS 
The finite element technique can be thought of as a modeling of 
a solid continuum into an assemblage of discrete elements for which 
displacement and/or stress fields are assumed. The equations which result 
from the application and discretization of the variational principle are 
simultaneous algebraic (matrix) equations which may have generalized 
displacements or generalized stresses or both, at the nodal points, as 
unknowns to be evaluated. 
In order to incorporate the interbody tractions as primary variables, 
two types of elements were used in this study; !!material!! and !!interface!! 
elements~ 
The finite element method applled to contact problems is carried out 
as follows: 
1) Each body is subdivided into "material ll elements whose nodes 
contain the incremental displacements u~ as unknowns. This will 
1 
give two distinct sets of nodes along the int~rbody boundaries S*. 
2) Every interbody boundary S* is subdivided into as many lIinterface ll 
elements as there are "material ll elements on S*. This element 
has zero thickness but contains three sets of nodes. The 
IIpositive ll and IInegative" nodes contain incremental displacements 
ui as unknowns. The remaining ones, called "stress nodes ll contain 
the incremental tractions ti as unknowns. 
3) Following the standard procedure for the Finite Element Method, 
the elements are assembled together. The interface elements are 
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connected to the appropriate material elements through the 
"positive ll and IInegative" nodes. 
4) The functional I is expressed in terms of the incremental nodal 
displacements and incremental nodal tractions (discretization). 
5) The variational principle is applied to the functional 'I by giving 
an independent variation to each of the nodal variables. This 
results in a set of simultaneous algebraic equations. 
3.2 DISCRETIZATION OF THE VARIATIONAL PRINCIPLE 
In this section, the functional I (Eq. 2.20), derived in Chapter 2, 
will be discretized in terms of the different finite elements and their 
corresponding incremental nodal values. 
In terms of the different elements, the functional I can be separated 
into a "material ll functional and an "interface" functional. Thus, 
I = ~ I(e) + ~ I(e) (3.1) , ~ MAT ~ IF 
where the first summation applies to all the material elements, the second 
to the interface elements. From Eq. 2.20, 
IM(AeT) = r -21 cr .. s .. dV - f F. u. dV - r to Uo dS (3.2) JVe lJ lJ Ve 1 1 JSe 1 1 
t 
and 
II(eF) = J () t.(~uo - AS. - Aa v~) dS S* ell 1 1 (3.3) 
where the primes have been dropped for clarity. It should be noted that 
while the variables in Eq. 2.20 represent infinitesimal quantities, the 
variables in the finite element method represent finite increments. 
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The incremental displacements within each material element are 
interpolated in terms of nodal values u~ as 
1 
u. = Nm u~ 
1 1 
(3.4) 
where m ranges from 1 to the number of element nodes and Nm(~,n,~) are the 
Iishape functions ll for the material elements. For this study, the material 
elements chosen were the lIisoparametric ll type elements. Their shape 
functions are given in Appendix A. 
The incremental relative displacements can then be written as 
Am m 
.6.u. = N .6.u. 
1 1 
(3.5) 
Am 
where N (~,n) are the shape functions for the material elements evaluated 
at the interface, i.e., the third direction has been eliminated (Fig. 3.l). 
Thus, 
Am m 
N (~,n) = N (~,n9 ~l) (3.6) 
In order to have the capability to maintain displacement continuity between 
the elements on each side of the interface, it is necessary to have the 
number of traction nodal parameters equal to the number of relative 
displacements. The shape functions used for the traction discretization 
are the same as those used for the relative displacements. Thus, 
t. = Nm tr:- ( 3. 7) 
1 1 
Finally, since the slip rules (Eqs. (2.14) and (2.16)) were incorporated 
in the derivation of the functional I and they are functions of position 
along the interface boundary, they are discretized as follows. 
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s. t. = Nffi (m) t~ S· 1 1 1 1 (3.8) 
a Nm vc:(m) t~ v· t· = 1 1 1 1 
where s~m) t~ and vi(m) t~ represent the slip constraints evaluated at 
node "mll. 
Substitution of Eqs. (3.4) through (3.8) into (3.3) yields 
r(e) = t~ ~u~ [I Nm Nn dS] - s~m) tm1· [Is*(e) Nm AdS] IF 1 1 S* (e) 1 
(3.9) 
or 
(3.10) 
where 
(3.11) 
are the IIstiffness ll coefficients for an interface element, and the 
de fin i t ion s 0 f the Lag ran geM u 1 tip 1 i e r sAm and A am are 0 b v °i 0 usb y 
comparison of (3.9) and (3.10). Cmn is a positive definite, symmetric 
matrix. It is, apart from a multiplying constant, the consistent mass 
matrix of the element. 
The value of dS in Eq. (3.11) can be written in terms of the local 
curvilinear coordinates as 
dS = A(~,n) d~ dn 
where A(~,n) is given in Appendix B. Closed-form integration of Eq. (3.11) 
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is impossible and numerical integrations must be used. 
Using Gaussian integration of Eq. (3.11) gives a full IIstiffness ll 
matrix for the interface element. However, due to the coupling effect 
of the off-diagonal terms, the results rendered by the full matrix were 
not satisfactory. Hence, a diagonal matrix was derived by umpingll the 
element area at the nodes according to integration rules which will be 
illustrated here for quadratic elements in three dimensions. 
The evaluation of C involves integrals of products of shape functions 
over the element. Each shape function has a unit value at one particular 
node and is zero at all other nodes. Therefore the product of two shape 
functions Nm Nn is zero at all nodes unless m = n. As a result, an 
integration rule which uses the nodes as integration points will yield 
a diagonal matrix, since m = n only for the terms on the diagonal. 
Figure 3.1(c) shows the local curvilinear coordinates for the 
Serendipity quadratic interface element. Because of double symmetry 
y two distinct II we ight il factors are needed, one for the corner nodes, 
the other for the middle nodes. A function g(~,n) can be integrated as 
A(e) (1 Jl . 
-4- J g(~,n) d~ dn = L wi gi 
-1 -1 
(3.12) 
Exact integration will be possible only for polynomials up to third order 
in ~ or n since only two weight factors can be chosen. (The integrals of 
ynomials are zero.) The functions g(~,n) = 1 and g(~,n) = ~2 give 
the lowing equations. 
4wl + 4w2 = A(e) 
4wl + 2w2 = A(e)/3 
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Note that ~2n and ~n2 are integrated exactly but that ~2n2 is not. 
Exact integration of ~2 and n2 does not imply exact integration of ~2n2 
since the integration rule is not the product of two one-dimensional 
integration rules. 
Solving for wl and w2, 
w, = -A(e)/12 
w2 = A(e)/3 
(3.12a) 
Because of the negative weight factors w" the numerically integrated 
is not positive definite for this particular interface element, 
producing some undesirable results. 
i) Due to the negative weight factors, the tractions at the corner 
nodes are opposite in sign to the nodal forces. This may lead 
to difficulties in recognizing separation. 
2) As mentioned in Chapter 2, the slip rule involves a positive 
constant A (Eq. 2.8). During the incremental procedure, the sign 
of A serves as an indication whether a stress node remains in slip 
or returns to stick mode. However, since A is not obtained 
directly, a criterion involving the tractions and incremental 
relative displacements is derived subsequently. The criterion is 
much simpler when Cmn is positive definite and diagonal. 
Because of the above considerations, the Serendipity quadratic 
interface element for three-dimensional problems was considered undesirable, 
leading to the development of a Lagrange interface element, having an extra 
internal node, thus eliminating the problem since the weight factors are 
all positive as shown below. 
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For this element, three factors are needed (Fig. 3.1(d)). The 
integration rule can be obtained from the product of two one-dimensional 
integration rules (in this case, Simpson's rule). 
Simpson's rule integrates second order polynomials exactly, so the 
product rule also integrates quadratics exactly. Now, exact integration 
2 2 . 2 2 
of ~ and n does imply exact integration of ~ n. (Actually, cubic 
polynomials are integrated exactly since they integrate to zero.) 
For one-dimensional integration over an interval £x' the Simpson's 
£ 4£ £ 
rule weight factors are [ ; , ~, ; ] at ~ = (-1,0,1) respectively. 
If H, denotes the weight factor at ~ = ~1, and H2 denotes the weight 
factor at ~ = 0, the weight factors wl ' w2' w3 can be expressed as 
W = H2 £ £ 1 1 x Y 
w2 = H1H2 £x £y 
w = H22 £ £ 3 x y 
where £y is the integration interval in the n direction. Thus 
w1 = A(e)/36 
w2 = 4A(e)/36 (3.12b) 
w3 = 16A(e)/36 
where A(e) 1S the area of the element given by 
(3. 13) 
and is evaluated numerically, now using standard Gaussian integration. 
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It should be noted that, at the element level, constraint equations 
s~m) t~ = 0 or vc:(m) tl'!l = 0 for node 11m" appear at each element 
1 1 1 1 
incident on that node. However, these constraints depend on the load 
level and/or the II state ll of node 11m". Therefore, rather than writing 
constraints at the element level and assembling them, they are written 
only once and applied at the global level. Furthermore, using the 
ss; lity conditions on A and Aa (Eq. (2.21)), the vectors {A} and 
{Aa } contain the Lagrange Multipliers 2.!!..l.Yfor nodes in IICoulomb Slipll 
or IiFrictionless Slipil modes respectively_ 
The sum of the interface functionals for all the interface elements 
can then be expressed as 
(3.14) 
where matrix notation is now used and all the variables have been 
grouped by node. 
[C] is assembled from the element contributions, and the remaining 
terms, as mentioned above, are written directly at the global level. 
Note that the {t} vector contains contributions for all interface 
nodes. Those nodes at which t~ = 0 (separation) are dealt with 
1 ater. 
Thus, 
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[Va] = r-_~~Lj [V~,] = I[ {v~ }{V~}]m 1 3Nx2M 
- ~ 
{A} {A', t T = .... A .... } 
Lxi 
{Aa} = {[A'A2]', ' 2 m T . . .. [A A] .... } 
2Mx' 
where 
L = number of nodes in Coulomb Slip Mode 
M = number of nodes in Frictionless Slip Mode 
N = total number of IIstress" nodes on S* 
i = degree of freedom 
The material functional (Eq. (3.2)) is the same functional used to 
solve general elasticity problems. It has been derived elsewhere [5] and 
will not be repeated here. In matrix form it can be written as 
L I~~f = } {u}T[K]{u} - {u}T{Q} - {u}T{p} 
e 
(3.15) 
where 
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[K] = stiffness matrix for the material elements 
{Q} = the equivalent nodal loads due to the prescribed 
incremental body forces 
{P} = the equivalent nodal loads due to the prescribed 
incremental surface tractions 
3.3 EQUILIBRIUM EQUATIONS 
The equilibrium equations are now obtained by giving an independent 
variation to each of the variables in the functional I, namely 
Thus, adding Equations (3.14) and (3.15), the first variation of I can be 
written as 
01 = {ou}T~K]{U} - {Q} - {P~ + {obu}T[C]T{t} 
+ {ot}T[C]{~u} - {oA}T[S]T{t} - {ot}T[S]{A} 
(3.16) 
Equations (3.16) represent the simultaneous a1gebrait equations in 
terms of four sets of nodal unknowns. As mentioned in Chapter 2, these 
variables must satisfy some IIforced boundary conditions" (Eq. (2.21)). 
In matrix form they are 
{u} = {u} on Su (3.l7a) 
{t} = 0 on S;ep (3.17b) 
{A} > 0 on S~sl (3.17c) 
-----
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The form of Eqs. (3.16) will be illustrated by defining the 
equilibrium equations for the problem shown in Fig. 3.2. For simplicity 
only two bodies are present. The method is valid for any number of 
bodies. 
Let us define the following regions: 
1) Regions IIAII and "B". The regions of bodies A and B containing 
all the nodes from the IIma terial ll elements that do not lie along 
the interbody boundary region S*. 
2) Regions "a" and IIb li • The remaining parts of A and B whose nodes 
lie along S*. It will be assumed that body A is on the positve 
side of the interface boundary. 
Hence, neglecting body forces, the material stiffness matrix [K], 
the incremental nodal displacements {u} and the incremental nodal loads 
{P} can be written in partitioned form as 
I KAA KAa uA 
[K] K
aA Kaa {u} ua {P} = 0 = = 
KBB KBb uB pB 
KbB Kbb ub 0 
Also, since 
the second and third terms in Eq. (3.16) can be written as 
rO 0 eTl [u~1 T 
ou
bT otT} {oua 0 0 _r T I lib J l~J c -c 0 
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After substitution of these expressions in Eq. (3.16) and rearranging 
all the unknowns in a single vector, the equilibrium equations become: 
I ~A KAa uA 
KaA Kaa CT ua 
KBB KBb uB 
KbB Kbb _CT ub = (3.18) 
C -C -5 _Va t 
_5T A 
_VaT J ,Aa j \. ./ 
Furthermore, the interface matrix [C], together with the interface 
displacements can be partitioned to account for the four different regions 
on 5*, i. e. , 
IC b 
sep usep 
Cst 
b 
[C] = {ua} = {ub} = ust (3.19) 
a b Ccsl ucs1 ucs1 
Cs1 
a 
us1 
b usl 
As mentioned in Chapter 2, the application of the variational principle 
generates two sets of constraints. The first one, 
s ~m) tf!1 = 0 
1 1 
(3.19a) 
is not consistent with the real condition given by Eq. (2.16) and should be 
satisfied by means of iterations. 
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The second set, 
v~(m) t~ = 0 (3.19b) 
1 1 
correspond to the frictionless slip condition given by Eq. (2.18). Since 
coefficients v~ depend only on the geometry of the interface surface, they 
should be applied before any application of load, i.e., the· initial state 
of nodes with lJ ::: 0 is "slip" mode. 
3.4 COULOMB SLIP CONDITION 
The slip rule for frictional contact problems was defined in Chapter 2 
(Eq. (2.8)) and is repeated here. 
where 
~u. = AS. 
1 1 
(3.20) 
s. = a unit vector in the direction of the cumulative tangential 
1 
traction to 
s'· 1 
A = a positive constant 
If Eq. (3.20) is multiplied by t~ and the fact that s· t~ > 0 is 
1 11-
used, the condition A > 0 can be replaced by 
t~ ~u. > 0 
1 1-
which can be represented in discretized form as 
or 
Finally, since Cmn is a positive definite diagonal matrix, the 
Coulomb Slip condition can be stated as follows. A node in Coulomb Slip 
mode remains in slip mode if at the end of the load step. 
t<? (m) ~u ~m) > 0 
1 1-
(3.21 ) 
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3.5 COMPUTATION OF LOAD FACTORS 
As mentioned before, for the incremental procedure developed in this 
study, the load pattern is applied at each iteration and a load facto~ is 
ted for each IIstress li node. Each factor represents the lowest 
fraction of the load which will cause that node to change IIstate il • The 
nimum load factor will determine the value of the load step and all the 
results will be scaled accordingly as 
m (L.F.) c
m 
u. ::: u. 
1 1 (3.22) 
t~ (L. F. ) cm ::: t. 
1 1 
cm cm 
ui and ti are the IIcomputed
ll values. 
However, since receding contact problems are independent of the load 
, the computed load factors at each iteration will be zero. Although 
we could allow the change of state of all the nodes that require it, this 
procedure would become a trial and error one which, as discussed in 
Chapter 2, is not guaranteed to converge to the right result. In order 
oVercome this problem, the tractions are initialized so that each 
nns S node" contains a very small normal compressive traction. This 
will permit the computation of small load factors (~ 0) and the detection 
of the critical node(s) which must be allowed to change first. 
The load factor computation depends on the previous state and is 
carried as follows (Fig. 3.3). For convenience the superscript "m" 
11 be dropped. 
Previous State::: IISeparationBi. Compute the incremental normal relative 
displacement ~u~. 
40 
a) c If ~uN > 0, node stays in separation mode and the load factor 
is unity: 
L.F. = 1.0 
b) If ~U~ < 0, node can go back to contact mode. Compute the 
corresponding load factor such that the new cumulative normal 
relative displacement is zero, or 
L. F. = -~uN/ ~U~, L . F. < 1. ° (3.23) 
Previous State = "Stick". Compute the incremental normal traction t~. 
a) If t~ ~ 0, node can go into slip mode. Compute the load factor 
that will make the slip function be zero (f = 0). For Coulomb 
type friction, the slip function is defined by Eq. (2.5a) and 
reproduced here: 
or 
The load factor is computed by making the tractions t~ + (L.F.) t~ 1 1 
satisfy the slip condition, which yields the following quadratic 
equation: 
(ti + L.F. * t~)2 - (1 +1l2)(tN + L.F. * t~)2 = 0, 
L.F. < 1.0 (3.24) 
b) If t~ > 0, node could go into slip or separation mode. Two load 
factors must be computed and the lowest chosen. The first one 
corresponds to slip mode and is computed as in (a). The second 
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one is that load factor that makes the new cumulative normal 
traction equal to zero, i.e., 
(3.25) 
Previous state = "Coulomb Slipll. Compute the incremental normal traction 
a) If t~ > 0, node could go.into separation mode. Compute a load 
factor such that the new cumulative normal traction is zero: 
L.F. = -tN/t~, L.F. < 1.0 (3.26) 
b) If t~ < 0 and the slip condition (3.21) is satisfied, then the 
node remains in slip mode and the load factor is equal to one: 
L.F. = 1.0 
c) Violation of the slip condition indicates that the node should 
be in IIstick" mode. No load factors can be computed. The slip 
constraint must be removed from the node. 
Previous State = IISlipll (frictionless). Compute the incremental normal 
c 
on tN. 
a) If t~ > 0, node changes to separation mode. The load factor 
can be computed as 
L.F. = -tN/t~, L.F. < 1.0 (3.27) 
b) If t~ < 0, the node remains in slip mode. The tangential traction 
is always zero Ciforced boundary conditionll). The corresponding 
load factor is equal to one: 
L.F. = 1.0 
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3.6 CORRECTIONS 
The method of solution derived here requires some corrections due to 
incorrect constraint generated by the variational principle and the finite 
increment size used in the numeric~l procedure. 
1) The use of the variational principle led to an incorrect constraint 
s. t~ = 0 
1 1 
where t~ denotes the computed value of traction. The correct 
constraint Eq. (2.16) is approximated by (Fig. 3.4) 
(3.28) 
These corrections (one per node in slip) are applied as equivalent 
loads which are added to the previous load vector. The corrected 
va 1 ues are obta i'ned by a load pass on the new load vector, hence 
avoiding the need to retriangulate. 
2) The incremental constraints, Eq. (2.15) or the version thereof 
generated by the variational principle, Eq. (3.19(a)), are valid 
only for infinitesimal increments. The finite sized increments 
used in the numerical solution make some additional corrections 
necessary. The approximation made by Eqs. (3.19(a)) and (3.28) 
forces the total tangential vector to lie on a plane tangent 
to the "slip cone ll I r-.. '" '" \ ~rlg. t...,j). A correction t~ is computed from 
so that (to + t r ) satisfies the slip condition. In the above, s s 
t~ and ItNI are new total magnitudes at the end of a load step 
and after correction (1) has been applied if needed. This 
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correction reflects the difference between tangent and chord 
and should normally be of small magnitude. It is therefore 
applied to the next load step. Hence, the correction constraint 
on the next load step is, as shown in Fig. 3.5{b), 
s. t = _tr 
1 i s 
or, using Eqs. (3.22), 
Note that this constraint equation effectively replaces 
(3.30) 
one given by Eq. 3.19{a) once a node starts being in a continuous 
slip mode since these corrections are normally necessary at every 
step. For two dimensional problems this type of correction is not 
needed since the cone representing the slip function becomes a 
single curve. 
3.7 SUMMARY 
The previous articles described some of the different aspects of the 
analysis procedure. The flow diagram shown in Fig. 3.6 illustrates the 
complete procedure. It can be summarized as follows: 
1) Input. Following the standard procedure for the Finite Element 
method, the II material ll and lIinterface" elements are assembled5) 
the total load is applied and the appropriate constraints needed 
to satisfy compatibility are given. Furthermore, if the initial 
state of the intere1ement boundaries contain nodes in IIseparationll 
mode, constraint equations (2.13) must also be given as input. 
2) Initializer. This is a routine that initializes the state of 
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the stress nodes. If constraints of the type (2.12) have been 
applied, the state for the corresponding nodes is set to 1 
( II S epa rat ion /I ), 0 th e rw i s e i tis set to 2 (" s tic k " ) . 1ft he 
friction coefficient is zero for a node, the initial state is 
set to 4 ("frictionless slipll) and constraints (3.19(b)) are 
applied. 
3) Solver. The resulting equations at the end of each load step 
are linear and any standard procedure for solving linear 
simultaneous equations can be used to solve for the nodal 
displacements {u~} and the nodal tractions {t~}. 
4) Compute the slip condition (Eq. 3.21) for nodes in Coulomb slip 
mode. Remove the constraint of those nodes that violate the 
slip condition qnd change their state to 2 (listickll). If at 
least one node violates Eq. (3.21), the equations must be 
retriangu1ated. Repeat (3). 
5) Compute t~ for nodes in Coulomb slip mode. If there are any 
c\ UJ 
nodes for which t~ is not zero, apply corrections (1) (Eq. (3.28)) 
and recompute {u~} and {t~} with a load pass: 
Compute load factors as described in art. 3.6. "'1'"1...- _.!._.!_ .. _ ! m~ !I!! r! ! !!!UI!! 
load factor determines the fraction of the applied load that 
constitutes the load step. Then, the incremental results must 
be scaled down by Eqs. (3.22) and added to the cumulative 
results. The cumulative load factor is also computed. 
7) If there are nodes in slip mode, apply corrections (2) (Eq. 
(3.30)) to the next step. 
8) Repeat (3) through (7) until the cumulative load factor becomes 
one (TLF = 1). 
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3.8 DISCUSSION 
It is generally recognized that the various types of finite element 
methods in current use represent applications of different variational 
principles. A brief discussion is given here in order to place into 
perspective the particular technique used in this study. A moie detailed 
discussion may be found in the works of Pian [6,7J. 
Two different classification schemes are often used [6]. In the 
first scheme, the method is classified as Displacement, Force, or Mixed 
according to the type of variable appearing in the final set of linear 
algebraic equations. In the second scheme, the method is classified as 
Compatible, Equilibrium, Hybrid or Mixed according to the underlying 
variational principle on which the method is based. (Note the two 
distinct usages of the term "Mixed ll .) There is no unique relationship 
between the type of underlying variational principle and the type of 
variable appearing in the final set of algebraic equations -- a single 
variational principle can give rise to several different finite element 
models. 
The terms involved in the second classification scheme are explained 
below. 
Compatible models are based on the principle of minimum potential 
energy and employ displacement fields which are continuous and satisfy 
displacement boundary conditions. 
Equilibrium models are based on the principle of minimum complementary 
potential energy and employ stress fields which satisfy equilibrium, give 
continuous tractions across element boundaries, and satisfy stress 
boundary conditions. 
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Hybrid and Mixed models are based on modified variational principles 
which are derived from the two classical principles (minimum potential 
energy and minimum complementary potential energy). The modified 
principles are obtained by relaxing certain of the conditions implicit 
in the original principles, and reintroducing them via Lagrange multipliers. 
The relaxed conditions are of two distinct types, leading to the two 
classifications Hybrid and Mixed. Hybrid models are obtained by relaxing 
certain interelement continuity requirements in the original principles 
(Hybrid Displacement models are based on modified potential energy and 
Hybrid Stress models on modified complementary energy). For example, a 
typical application of a Hybrid Displacement approach would involve an 
element displacement field in terms of generalized coordinates and element 
boundary tracti ons (the L,agrange mul ti p 1 i ers) in terms of noda 1 force 
variables. The element displacements are not required to be interelement 
continuous. The distinctive feature here is the use of one set of variables 
defined in the interior of the element and another set defined only on the 
element boundary. The displacement generalized coordinates can be 
eliminated at the element level (essentially static condensation) to 
arrive at a final set of equations in terms of nodal force variables, 
thus yielding an element IIflexibilityll matrix. 
Mixed methods are based on modified principles of a different type. 
Basic relationships such as those between strain and displacement or 
stress and strain are relaxed in the original principles and reintroduced 
via Lagrange multipliers. The resulting principles, of which Reissner's . 
is the best known, are intrinsically multi-field. They often have less 
stringent continuity requirements than the original ones. A typical 
47 
application of Reissner's Principle would involve separate assumptions 
of stress and displacement within an element, with certain interelement 
continuity requirements. An element level elimination of one or the 
other variable is generally not possible, so both normally appear in the 
final set of equations. The equations are often of a form similar to 
Eqs. (3.18), with zeros in some diagonal locations. 
Based on the foregoing discussion, it seems that the finite element 
method used in this study is properly termed a Hybrid method. However, 
in contrast with usual hybrid methods, completely independent element 
displacement fields are not used which makes element level elimination 
of displacement variables impossible. Thus the final form of the 
equations, Eq. (3.18), is reminiscent of Mixed models. 
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CHAPTER 4. IMPLEMENTATION 
4.1 INTRODUCTION 
The implementation of the method of solution described in Chapter 3 
presented some interesting problems and the question arose as to whether 
to implement it using one of the existing general-purpose finite element 
computer programs or to write a special-purpose program. Following are 
some of the factors which were taken into consideration. 
1) One of the primary objectives of this study was to develop a 
system capable of solving large truss-type bolted connections 
in three dimensions. In order to solve this type of problems 
a large number of nodes are required. Thus, large amounts of 
data must be handled in an efficient manner. This requires a 
data management system to store and retrieve appropriate blocks 
of data from secondary storage devices. 
2) The method of solution used in this study calls for the use of 
a special element (hybrid type) having both stresses (tractions) 
and displacements as unknowns. The equation ~olver must be 
capable of handling systems of equations with zeros on the 
diagonal (not positive definite). 
3) The method of solution is an incremental one in which the 
displacements and tractions on the interface must be computed 
several times. The number of these unknowns could bela small 
percentage of the total. Consequently, a Static Condensation 
feature to allow the elimination of as many nodes as possible 
from the multiple solutions was considered very important. 
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4) A desirable feature is a restart capability so that one may stop 
the incremental procedure at any step to analyze the intermediate 
results and continue the process at a later time if desired. 
Thus, not only the data, but the data structure definition as 
well, must be saved. 
5) Analysis of the output data for a large problem is a very tedious 
and difficult task. A convenient, if not necessary, feature of 
any finite element program is the capability to average and if 
possible, to plot the results. A capability to save the data 
could allow a post-processor to retrieve data from data bases 
and to plot (average) it independently of the solution itself. 
6) A "Problem Oriented Language" (POL) type of input is extremely 
convenient. 
7) It has been the experience of many that to be able to use and 
especially modify a computer program written by someone else is 
very difficult, sometimes impossible. Thus, a program which is 
easy to modify and extend was desired. 
8) A required feature was the capability of applying relative 
constraints .. 
Although the primary objective was to be able to solve truss-type 
bolted connections, the method of solution derived here is capable of 
solving a more general class of contact problems. This fact together 
with the items listed above made it impractical to write a special-
purpose program. 
The decision was made to utilize a general-purpose structural 
mechanics computer program called FINITE. Because FINITE did not yet 
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have all of the features desired, some of the time invested in this study 
was devoted to assisting in its development. Following is a brief 
description of FINITE, the supervisory system POLO, and the extensions 
implemented to solve contact problems. 
4.2 POLO 
POLO (Problem Oriented Language Organizer) is a general-purpose 
Civil Engineering Supervisory system developed by Professor L. Lopez at 
the Civil Engineering Systems Laboratory (CESL) of the University of 
Illinois in 1971. A number of engineering applications programs, of 
which FINITE is one, run under the supervision of POLO. The unique data 
base management faci·lities of POLO make it easy to define and access 
information, and therefore to develop very flexible application programs. 
Detailed information may be found in Refs. [8,9,10]. 
4.3 FINITE 
FINITE [llJ is a general-purpose structural mechanics system that 
runs under the POLO II supervisor. It has been developed over the past 
3 years. The system has several features that have been very useful for 
the solution of contact problems. Some of these features are listed 
below with a brief explanation. The reader is referred to the Finite 
User IS Manua 1 [12:] for a more extens i ve descri pt ion. 
a) POL Driven: i.e., free format type of input which facilitates 
its use (see Appendix C). 
b) Convenient Implementation of New Elements: FINITE has standard 
calls to element stiffness generator subroutines. To implement 
a new element one has only to write a Fortran subroutine and to 
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define the new element in the finite element library_ Everything 
else has already been taken into account in a general form, 
including input and output. 
c) Repetitive Use of Same Element: If there is an element that is 
repeated many times in a structure, the user can define that 
element first and then use it as many times as needed in the 
structure. FINITE will generate only one stiffness matrix and 
will use it repeatedly (see Appendix C). This feature results 
in considerable saving in computer time. 
d) Substructuring: This is basically the same as (c) but at a 
higher level; i.e., a group of elements can be defined as a 
substructure and used repeatedly in the same way as a single 
element. 
e) Relative Constraints: Constraints relating nodal degrees of 
freedom can be input. 
f) Reaccess: POLO allows files in use to be saved. FINITE then 
has an ACCESS command that allows the user to re-solve a problem 
for new loading conditions without reassembling or triangulating 
the equations again. 
g) Static Condensation: This feature is very helpful for the 
problem under study since it allows one to condense out those 
nodes which are not in the area of contact. Hence, one can 
perform the incremental loading on a structure that has many 
fewer degrees of freedom than the original structure, with 
considerable saving in computer time. 
52 
h) Machine Independent: POLO, as well as FINITE, are Fortran 
programs which allow them to be implemented in any medium scale 
computer with a Fortran compiler. 
The system described here corresponds to the 1975 version. A newer 
(commercial) version which has many additional features such as coordinate 
and incidence generators is already in use. 
4.4 EXPANSION OF FINITE TO SOLVE CONTACT PROBLE~~S 
Figure 4.1 contains a diagram showing the interaction between the 
different subsystems of FINITE. The diagram also shows the two points at 
which the process has been entered to add the two subsystems needed to 
solve contact problems. These subsystems, JUBUILDIF and JUCHECKIF, have 
been implemented so that they are IItransparent" to the remainder of the 
system, i.e., they do not affect the solution of other types of problems 
since these systems are active only when lIinterface" elements are used. 
1) Subsystem JUBUILDIF 
This subsystem is used to create the additional information needed 
for the solution of contact problems. The information. consisting of 
components of the normal vector, coefficient of friction, and incidence 
data for each interface node is stored in the data bases shown in Fig. 
4.2. The subsystem JUBUILDIF is called from the stiffness assembler 
processor after the structure stiffness matrix has been assembled. 
The flow diagram for subsystem JUBUILDIF is shown in Fig. 4.3. 
2) Subsystem JUCHECKIF 
This subsystem is called from the STRAINS processor prior to 
computing the strains for the structure. Using the information built 
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by JUBUILDIF, it analyses the tractions and relative displacements at the 
structure global level. It computes the load factors and combines the 
incremental and cumulative results. If needed, it applies corrections 
(2) discussed in Sect. 3.6. The flow diagram for subsystem JUCHECKIF is 
shown in Fig. 4.4. 
The incremental procedure developed is controlled by the user. Each 
iteration requires a FINITE command. This is a very useful feature since 
the user can make decisions at every step of the procedure. Subsystem 
JUCHECKIF prints out all the information concerning the interface elements, 
thus allowing the user to know the current mode of each stress node. 
In the following chapter, several examples are presented and 
discussed. Appendix C contains a copy of the input file for one of 
these problems, the analysis of a simple lap joint. 
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CHAPTER 5. NUMERICAL EXAMPLES 
5.1 GENERAL 
In order to demonstrate the usefulness and applicability of the 
system developed and to test the ,accuracy of. the elements implemented in 
this study, several numerical examples were solved and the results were 
compared with analytical or experimental solutions where possible. The 
different types of elements used are shown in Fig. 5.1. 
Since one of the primary objectives of this study was to develop a 
system capable of solving truss-type bolted connections, some of the test 
problems were selected containing features similar to the ones one may 
encounter in the solution of these types of problems. 
5.2 PLATE WITH HOLE UND~R UNIFORM TENSION 
In order to test the accuracy of calculated stresses produced by the 
isoparametric elements (Serendipity family) and to develop some feeling 
for fineness of mesh required in regions of high stress gradients, a 
plate of finite width containing a circular hole subject to a uniform 
tension was solved (Fig. 5.2(a)). Experimental result~ and mathematical 
solutions obtained by a successive corrections procedure have been 
published in Reference [13J for different ratios of the diameter of the 
hole to the total width of the plate. The problem solved here has a 
diameter-to-width ratio of 0.5. The solutions assume an infinfte plate 
in the direction of the load. 
Because of double symmetry only one quarter of the plate is 
considered. The corresponding boundary conditions are shown in Fig. 
5.2(b). Also shown in that figure is the mesh of quadratic isoparametric 
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elements used in the final solution. The final mesh was arrived at by 
the following procedure which provides a good demonstration of the 
substructuring and restart capabilities of FINITE. 
First, three elements PL1, PL2, and PL3 were defined and their 
stiffnesses computed. Then, a structure called PLATES was defined using 
these 3 elements since elements 2 and 5 are the same, and 4 is the same 
as 3 but rotated. After assembling PLATE5 the load was applied and the 
solution obtained. The results showed that the extent of the mesh in 
the direction of the load was not sufficient to model an infinite plate 
as assumed in the theoretical solution. 
The restart capability and the ACCESS command of FINITE were used to 
enter the file and the data bases (stored in disk) and to define a new 
structure, PLATE7 having 3 elements, PL1, PL2, and the previously defined 
structure PLATES (Fig. 5.2(c)). Since the stiffnesses of all three were 
already present, only a stiffness assembly had to be performed. Finally, 
the load was reapplied to this structure and a new solution obtained. 
The calculated stresses shown in Fig. 5.2(d), ~ompared well with the 
theoretical solution, indicating that the extent of the mesh in the loaded 
direction was probably sufficient. To verify this, a third structure, 
PLATE9, consisting of PLATE7, PL1, and PL2 was defined and solved following 
the same procedure. No significant difference was found and it was 
concluded that to compute stresses a mesh length of 4 hole diameters in 
the loaded direction was adequate to simulate the infinitely long plate. 
Fig. 5.2(d) shows that even with a coarse mesh of quadratic isopara-
metric elements good agreement between the computed finite element stresses 
and the lIexact ll and experimental results is obtained. The only inaccuracy 
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observed appears at the edge of the hole on the longitudinal axis. This 
may be attributed to the sharp IIcornerll caused by the overly distorted 
elements 3 and 4 in structure PLATE5. The stresses computed at that 
node from the different elements differ greatly. They create a very 
"stiffll region at that point causing a distortion discontinuity as shown 
in Fig. 5.2{e) and should be avoided if possible. 
The solution of this problem also shows the ability of the quadratic 
isoparametric element to model the curved boundary of the hole. 
5.3 CANTILEVER BEAM UNDER VARIOUS LOADINGS 
The interface elements were first tested by solving a cantilever beam 
under three loading conditions: a uniform compression, a moment, and a 
parabolically distributed shear. A friction plane was placed across the 
beam to verify that the interface element could properly transfer stresses 
across a contact surface. No slip or separation was allowed and only one 
solution was obtai.ned in which all the nodes were in stick contact mod~. 
Using a vertical plane, the exact solutions were obtained for all three 
loading conditions. To increase the stress gradient within the interface 
element an inclined plane was used (Fig. 5.3{a)). In the following, only 
the results due to the shear load are discussed since the exact results 
were obtained for the other two loadings. 
The finite element solution was compared with the beam theory 
solution which is exact for the 2-dimensinnal problem if just enough 
displacement constraints are applied to remove rigid body motions and 
the necessary equilibrating stresses are applied at the "fixed ll end 
(i.e., if shear deformation is allowed at the "fixed ll end). In the 
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numerical example, the fixed end was completely constrained so that 
the beam theory solution is no longer exact. However, by St. Venant's 
principle, the results are valid for a section away from the boundaries. 
Linear and quadratic isoparametric elements (Lagrange family) in two 
and three dimensions were used with their corresponding interface elements 
(linear or quadratic). The mesh used for the quadratic elements is shown 
in Fig. 5.3(c). It should be noted that the thickness of elements 9 thru 
12 (the interface elements) is zero. The mesh for the linear elements was 
obtained by dividing each quadratic element into linear ones to obtain the 
same number of nodes across the section (Fig. 5.3(d)). 
Material Elements. Fig. 5.3(b) shows a comparison between the three-
dimensional finite element stresses on the inclined plane and those computed 
by beam theory. The points corresponding to the finite element solution are 
the averaged values for all the elements incident on each node. It can be 
seen that the results given by the quadratic elements are better than those 
computed using linear elements. The computer time needed to solve both 
problems was about the same (mesh of linear elements contains more nodes). 
The results obtained using two-dimensional elements were identical. It 
should be noted that the presence of the interface elements does not affect 
the accuracy of these results, since full compatibility is maintained. The 
resulting solution is identical to that which would be obtained without the 
interface elements. Inaccuracies in the computed stresses in the material 
elements arise solely from the distorted mesh. 
Interface Elements. Figures 5.3(e) and (f) show the computed 
tractions at the "stress" nodes of the interface elements. The lIexact ll 
tractions are given by 
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t = 0 COS e + T sin e y y zy 
where e = the angle the friction plane makes with the horizontal line as 
shown in Figs. 5.3(e) and (f). In all cases the results obtained using 
two-dimensional elements were identical to the three~dimensional ones. 
It is clear that the quadratic interface elements give better results than 
the linear ones, especially for the vertical tractions. These results 
correspond to a diagonal interface "stiffness" matrix (Sec. 3.2). 
As mentioned in Section 3.2, the quadratic, Serendipity element in 
three dimensions gives undesirable results when used with a diagonal matrix. 
In order to demonstrate this, the problem was solved using this element. 
Figure 5.3(g) shows the results obtained. The results look reasonable at 
all points except at the edges of the beam. This is due to the negative 
IIweightll factors in the integration rule given in Sec. 3.2. However, the 
sum of the "weighted ll nodal tractions across the thickness (x-axis) is 
identical to the two-dimensional results (diagonal matrix) and equal to 
the exact values. Mathematically, 
where m =1,3 are the nodes across the thickness and n = corresponding 
corner node in two-dimensional model. 
For completeness, the problem was also solved using the same quadratic, 
Serendipity element with full matrix (Fig. 5.3(h)). In this case, the 
difficulty does not appear. However, as mentioned before, a diagonal 
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matrix is preferable. Thus, as concluded in Section 3.2, the quadratic, 
isoparametric, Serendipity element in three dimensions should not be 
used (This is the only element with negative weight factors). The 
Lagrange element should be used instead. 
Note that the one-dimensional versions of the Lagrange and Serendipity 
interface elements are identical and completely satisfactory. 
5.4 SLIP PHENOMENON FOR A CIRCULAR INCLUSION 
This two-dimensional plane stress problem consists of a uniform 
tension applied to a plate with a circular hole containing an un bonded 
circular inclusion whose initial diameter is the same as the hole 
(Fig. 5.4(a)). It has been solved by mathematical procedures for an 
infinite plate with frictionless surfaces (~ = 0) [14J and for various 
friction coefficient values [15]. 
In [14], a singular integro-differential equation for the normal 
traction is formulated and solved. The condition that the radial 
displacements must be continuous across the contact arc is used to 
determine, essentially exactly, the point of separation. 
In [15], a pair of coupled integral equations are formulated and 
solved approximately by a variational procedure. Although only 4 
generalized coordinates were used, the solution is probably quite 
accurate. A value of 19.48 degrees was obtained for the angle of 
contact for the frictionless case by this procedure, compared with 
the exact value of 19~62 degrees [14J. 
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Chan and Tuba [16J solved this problem (~ = 0) using the finite 
element technique and a relaxation procedure. However, the number of 
elements they had to use was extremely large. 
In order to solve this problem, a l6 11 x16" plate with a 2" diameter 
hole was solved. The material properties of the plate and the disk are 
assumed to be the same, each having a Poisson1s ratio of 0.3 and modulus 
of elasticity of 30,000 ksi. The problem is symmetric about both axes 
and only one quadrant need be considered. 
Two mesh sizes were defined using quadratic isoparametric and 
interface elements (Serendipity family). Advantage was not taken of the 
known exact solution in order to advantageously place the nodes of the 
interface elements. The 'coarse mesh is shown in Fig. 5.4(b). The fine 
mesh is depicted in Fig. 5.4(c) in which substructuring and condensation 
were used to eliminate all nodes except those corresponding to element~ 
on either side of the interface (substructure PLDISK). Thus the multiple 
sol~tion is carried out on this structure only, saving a considerable 
amount of computer time. 
As mentioned in Chapter 3, the extent of contact in receding contact 
problems is independent of the load level, leading to a computation of 
zero load factors. One way of avoiding this problem is by initializing 
all the normal tractions to have a small compressive value (Sec. 3.5) to 
allow the computation of small load factors. Another procedure is to 
allow the change of mode of all the nodes with zero load factor. 
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This degenerates into a trial and error ITERATIVE procedure which does 
not always converge. Nevertheless, this ITERATIVE procedure was 
investigated as discussed below. 
Frictionless Surfaces 
The number of iterations needed for convergence was 3 for the coarse 
mesh, 6 for the fine mesh. However, the iteration procedure was not 
stable. The two nodes on each side of the angle of contact oscillated 
from mode to mode, from iteration to iteration. The solution for which 
the computed tractions agree better with the material element stresses was 
chosen. The results are given in Figs. 5.4(d), (e), (f), (g) and (h). 
One can see from these results that the averaged material element 
radial stresses do not vary greatly between coarse and fine mesh, although 
for the coarse mesh the values for the plate and those for the disk are 
further apart. However, the computed tractions from the coarse mesh 
differ considerably from the corresponding values for the fine mesh. Also, 
very little change is noticed in the circumferential material element 
stresses between the two meshes. The fact that the stresses for the "fine" 
mesh have jumps indicates that this mesh is still quite coarse for this 
problem. It should also be noted that both the radial and circumferential 
stresses give higher values than the "exact" results. However, the largest 
error is approximately 6% for the radial stresses and 4% for the 
circumferential stresses. 
Frictional Surfaces 
Figs. 5.4(j) and (j) show the stresses along the contact arc for a 
friction coefficient of 0.6 using the fine mesh. The number of iterations 
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for this case was 8. This is because the initial state for all nodes is 
STICK whereas for the frictionless case, the initial state is SLIP, thus 
avoiding the first 2 iterations. For the second iteration, all nodes are 
in SEPARATION but in the third iteration, contact is reestablished at 
some nodes. The ITERATION procedure d6es not oscillate as in the 
frictionless case. 
Here too, the radial stresses are higher than lIexact ll and the 
averaged material element stresses are close to the values given by the 
computed tractions. Notice that the computed tractions give a good 
representation of the lIexact ll shear stresses but the material element 
stresses cannot duplicate this behavior. This is because the shear 
stress discontinuity occurs at a very small angle (0.75 degrees) whereas 
the smallest size elemen~ has a 5 degree angle. It is interesting to 
note also that the radial stress on the plate and the disk cross-over 
near the zero degree line. Finally it should be mentioned that for both 
values of friction the angle of contact has been reproduced very 
accurately. 
5.5 COMPRESSED RECTANGLE 
This is a two-dimensional boundary value problem of linear elasticity 
in a rectangular domain. Two parallel edges are free from tractions, and 
the remaining pair of parallel edges are compressed by rigid, rough planes 
(Fig. 5.5(a)). In Ref. [2J, an eigenfunction expansion was used to 
formulate a pair of coupled singular integral equations containing the 
unknown extent of adhesive region as a parameter. Numerical solutions 
were then computed for a series of trial values of this parameter until 
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the condition of finite shear stress at the edge of the adhesive region 
was satisfied. 
The solution in Ref. [2] is given in terms of nondimensional 
quantities: the coordinate system (x,y) is nondimensional, ranging over 
(-1, 1). Displacements are scaled by the length "h" and stresses by the 
shear modulus "G". The boundary surfaces x = ±l, are free from tractions. 
On the remaining boundary planes y = ±l, the imposed (nondimensional) 
displacements are 
uy(l, x) = -(1 - v) 6 
uy (- 1, x) = (1 - v) 6 
-1 < x < 1 
where v is Poisson1s ratio and 2(1 - v) h6 is the total compressive 
shortening of the rectangle by the rigid indenting surfaces; ~ is the 
(6. 1 ) 
friction coefficient. Assuming a uniform strain condition and G = 0.5, 
application of displacements (6.1) is equivalent to applying a total 
uniform stress at y = ±l of 0 y = -26.. 
It was shown in [2J that IIC II (2c being the extent of the slip region) 
does not depend on the magnitude of 6.. First, the ITERATIVE procedure 
described in the previous section was used. This time the procedure did 
not converge. Many nodes oscillated from one mode to another without a 
clear pattern. Hence, the INCREMENTAL procedure was applied. A total of 
7 iterations were needed for the coarse mesh, 11 for the fine mesh. 
Figs. 5.5(a) and (b) show the coarse and fine meshes of quadratic 
elements (Serendipity) used for the finite element representation. Because 
of double symmetry, only one-fourth of the rectangle is modeled. In both 
meshes, substructuring and condensation were used, eliminating most of the 
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nodes from the ITERATION procedure. 
Two problems were solved, the difference being the values of the 
elastic constants and the friction coefficient, as follows: 
1 ) E = 1 .4 
v = 0.4 
11 = 0.3 
uy(l,x) = 0.6 
h = 1 .0 
2) E = 1.1 
v = 0.1 
]J = 0.3 
uy(l,x) = 0.9 
h = 1.0 
Note that, in order to compare directly with the nondimensional 
solution in [2], G was chosen to be 0.5. (This is the reason for E = 1.4 
and 1.1). The results are shown in Figs. 5.5(c) through 5.5(f). Even 
the values given by the coarse mesh are in good agreement with the 
lIexact ll values, except perhaps at the edge of the rectangle (x = 1.0) 
where a stress singularity exists. 
In order to compare with the results given by [2J, the values in 
Figs. 5.5(d) and (e) are normalized by the value of P , the total 
u 
compressive force. Since the shape functions for the interface element 
are quadratic, this value was computed using Simpson's rule on the 
normal tractions ty ' i.e., 
and 
where 
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Py = equivalent nodal force 
t = interface traction y 
1 = length of the interface element 
e 
w = a factor with values of 1.0 for the corner nodes 
and 4.0 for the middle nodes 
The value of P
u 
was found to be 1.0027 for problem 1, 1.1088 for 
problem 2. The theoretical value for uniform strain condition = 1.0. 
[2J does not give actual Pu as function of v. 
5.6 TWO PLATES WITH SMOOTH SURFACES UNDER PARTIALLY DISTRIBUTED PRESSURE 
In this problem, two plates of equal thickness and finite length are 
pressed together by means of a patch of uniformly distributed pressure as 
shown in Fig. 5.6(a). Their surfaces are assumed to be smooth (~ = 0). 
Application of the load produces, at the center of the plate, high 
compressive stresses which decrease rapidly as x increases. The normal 
stress in the thickness direction would become tensile at approximately 
x/b = 2.0 if the plates were bonded together. Since the plates cannot 
transfer a tensile stress across their common surface, they tend to lose 
contact or lIopenll at some distance (approximately x/b = 2.0) from the 
applied load. 
Two solutions were obtained. The first, for which an exact solution 
can be obtained, is not a contact problem. The two plates are assumed to 
be joined together (i.e., separation was not allowed). For the second 
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solution, separation is allowed. 
The lIexact li solution was found using a Levy (series) solution, the 
boundary conditions on the edges x = ~5b being that the normal stress and 
tangential displacement are zero. The solution converged with seven terms 
of the series. 
Two meshes were used, both using quadratic isoparametric elements 
(Serendipity) with a full "matrix". For the first problem (no separation) 
both meshes were used. For the second problem, only the fine mesh was used. 
The coarse mesh results for the first problem are plotted in Fig. 
5.6(a). The computed stresses are in good agreement with the series 
solution. However, the computed interface tractions differ slightly. 
Both fine mesh solutions are obtained from the same run (The 
ITERATION procedure was used giving good results). The first iteration 
corresponds to the no-separation solution. The second solution was 
obtained after 3 additional iterations. For this case, no oscillation 
was experienced during the ITERATION procedure. The tractions are shown 
in Fig. 5.6(b). The stresses are not shown since they are almost identical. 
The no-separation solution shows a slight redistribution of the normal 
pressure and the separation point. Although the exact" solution for this 
case is not available, the fact that the tractions and the material element 
stresses are almost identical is a good indication that convergence has 
been obtained. 
5.7 BOLTED PLATES 
When two plates are bolted together (Fig. 5.7(a)), they will be in 
contact in the immediate vicinity of the bolt heads and separated beyond 
it. The pressure distribution in and extent of contact area is of 
considerable interest. This separation occurs at the slightest pressure 
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(receding contact). Again, the ITERATIVE procedure was used in the 
solution. 
The problem solved here is that of two smooth (frictionless) 
circular plates of equal thickness~under normal pressure loading. The 
problem is axisymmetric, and also symmetric about the parting plane. 
Thus only one plate needs to be modeled. Axisymmetric elements were not 
developed as part of this study, since more practical problems involving 
multiple bolt holes are not axisymmetric. As a result, three dimensional 
quadratic isoparametric and interface (diagonal matrix) elements were 
used to model the plates as shown in Fig. 5.7(b) where A = hole radius; 
B = radius of the extent of the load (clamping forces); C = plate radius; 
D = plate thickness. For the problem solved, AID = 0.5; BIA = 1.5. An 
angle of 22.5 degrees was used in the solution and the appropriate 
constraints applied to simulate axisymmetry. 
The Lagrange elements were used here to avoid the problem mentioned 
in Sec. 5.3 where the diagonal matrix used with Serendipity quadratic 
elements gave faulty results. It should be noted also that the bolt 
pressure (clamping forces) has been assumed to be uniform and the effect 
of bolt compliance has been neglected. These assumptions are felt to 
have little effect on the solution. 
Figures 5.7(c) and (d) show the interface pressure distribution 
before and after separation occurs for two different values of Poisson's 
ratio. For this case the ITERATIVE procedure converges in three 
iterations without oscillating. The values plotted correspond to those 
given by the nodal stresses of the isoparametric elements. It is clear 
that after separation occurs, there is a redistribution of the interface 
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pressure. The small tensile stress shown in the IIseparation" solution 
indicates that in that area the finite element model is not fine enough. 
The point of separation obviously occurs between nodes. 
Figure 5.7(e) shows a comparison between the interface tractions, 
the stresses and the experimental results. There is a good correlation 
between the computed tractions and the element stresses. Both are within 
the range of the experimental values. The first experimental curve was 
given in Ref. [17J for the same geometry solved here, but the value of the 
Poisson1s ratio was not given. Later, Ref. [lBJ was found which indicated 
that the methods used in [l~ had some uncertainties and different curves 
were presented but for different geometries and loading. The second 
curve in Fig. 5.7(e) was taken from [18] for geometric values similar to 
the ones used here. It ~an be seen that the values found in this study 
follow the same trend as the experimental results. 
Figures 5.7(f) thru (h) show the results found for the second· 
loading (BfA = 2.0). They show the same behavior pattern as the 
first one. 
5.8 SIMPLE LAP JOINT 
Figure 5.8(a) shows two plates in two dimensions held together by 
a normal pressure. Following the application of this pressure, an axial 
load is applied. This load is transferred from one plate to the other 
by shear stresses developed along the interface. 
This problem contains an important feature of bolted connections, 
the combination of normal and axial loadings. It was felt to be suitable 
as a first step because of its relatively small size compared to a 
geometrically more complex bolted connection. In order to show the use 
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of the procedures developed, the input data used to solve this problem 
is given in Appendix C. 
Figure 5.8(b) shows the finite element representation of one plate. 
Since all the elements on "PLATE" have been made equal (quadratic, 
isoparametric) , only one element is defined and used repeatedly. This 
substructure is then condensed to eliminate all the nodes that do not 
lie on the interface (Fig. 5.8(c)). For convenience, the loaded nodes 
and those nodes at the boundary are not condensed out. 
Many nodes have now been effectively eliminated from the mesh. The 
resulting structure, ready for further analysis, is shown in Fig. 5.8(d). 
It consists of 12 elements. The first 10 are the interface quadratic 
elements which are identical. Only one is defined and it is repeated 
10 times. Elements 11 and 12 of "PLANEPL" are the previously defined 
substructure "PLCOND II , repeated twice. Also shown in Fig. 5.8(d) are the 
constraints applied to the final structure. They are defined as shown 
in Appendix C. 
In this problem, two separate loading conditions must be defined. 
They are called IITOTAl" (the normal pressure) and "INCREMENTAL ') (the axial 
load). They are applied separately as follows. 
1) "Total" Load (Normal Pressure) 
Since the extent of contact is independent of the load level, the 
ITERATIVE procedure was used. For this problem, three iterations were 
needed for convergence. The commands needed for each iteration are 
shown in Appendix C. 
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2) II Incremental II Load (Axial Force) 
Due to the presence of the friction forces, the solution for the 
axial load required the INCREMENTAL procedure. The commands for each 
increment are also shown in Appendix C. The final load was reached 
after 9 additional increments. 
Figure 5.8(e) shows the IImodes ll of the interface nodes, at the end 
of each loading condition. The initial state for all nodes was IIstick". 
Application of the normal pressure caused 6 nodes to separate at each 
end of the interface. During the incremental application of the axial 
load, two more nodes separated (after going into slip mode first) and 5 
attained "slip". 
The interface tractions are shown in Fig. 5.8(f). The element 
stresses agree very closely with the tractions and therefore are not 
shown. 
Discussion of Input Data (Appendix C) 
It should be noted that, although the user must give at least 
three requests for each iteration or each increment, this allows greater 
flexibility and control since he may request output of displacements, 
strains and stresses at any stage. The mode of each stress node is 
printed at the end of each iteration and at the end of a load increment. 
In the latter case, the current and cumulative load factors are also 
printed. 
The solution process can be stopped by the user at the end of any 
iteration or increment and easily restarted at a later time. 
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Although the last request of each iteration or increment says 
IIcompute stra ins II, they are not actually computed unl ess , 
a) No change has occurred from one iteration to the next, 
b) The cumulative load factor has reached unity, or 
c) The user has replaced the IIcompute U request by an lIoutputli 
request (either strains or stresses). 
In order to avoid computing the displacements inside the condensed 
substructures, the IIcompute" request at each iteration or increment 
specifies the computation of "strains 1-10" which correspond to the 
interface elements. This, together with substructuring and static 
condensation, results in a tremendous computer time saving. However, 
care should be taken when using substructuring and condensation since 
for some problems it might be uneconomical due to the resulting increase 
in the equation bandwidth. 
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CHAPTER 6. CONCLUSIONS 
6. 1 SUMMARY AND CONCLUSIONS 
The contact problem was formulated by means of a variational 
principle, in which incremental displacements and interface tractions 
appear as independent unknowns. Frictionless and frictional slip are 
included in the formulation. The incorporation of the interface tractions 
as primary variables avoids the need to compute the element stresses every 
st~p, and together with substructuring and static condensation, allows a 
large number of nodes to be eliminated from the repetitive solution. 
The procedure was implemented in a general-purpose finite element 
computer program called FINITE. Several isoparametric elements in 2 and 
3 dimensions were implemented in the program, along with the corresponding 
"interface" elements derived here. This has resulted in a very easy to 
use, flexible analytical tool, which allows the user to model irregular 
geometries effectively. The results for several numerical examples were 
presented and compared with experimental and analytical solutions. The 
comparisons indicated that more complex bolted connections can be studied 
with good accuracy expected. 
6.2 RECOMMENDATIONS FOR FUTURE STUDY 
Although the procedure was formulated only for bodies initially in 
contact, the effect of initial gaps and initial interference can be easily 
incorporated. In order to do this, the initial relative displacement is 
set equal to the initial interference. The separation condition is then 
that the sum of the normal relative displacement and the normal component 
of the initial interference (negative quantity) must be greater than the 
73 
normal component of the initial gap (a positive quantity), where obviously 
only one is active at a time. Also, the interface integral in the 
variational principle must be modified so that the slip rule contains 
a term due to initial interference. 
As mentioned in Chapter 4, a newer version of FINITE is already in 
use. In order to take advantage of the additional features, the subsystems 
developed to solve contact problems should be implemented in this version. 
The incremental procedure developed here allows the change of state 
of one stress node at a time. This procedure is very accurate since the 
correct path is found and the assumption of linearity between steps is 
correct. However, for large interface areas, where the number of stress 
nodes is large, this procedure is uneconomical. A procedure in which 
more than one stress node is allowed to change mode in a given load step, 
should be developed. 
The extensions suggested above can be carried out with relatively 
little effort. It would also be worthwhile to include elasto-plastic 
behavior; perhaps only in preselected regions of the bodies (to reduce 
computational cost). This would require a much greater expenditure of 
effort. 
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Fig. 1.1 Double Plane Truss-type Bolted Connection. 
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(a) Regions In A Contact Problem 
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(b) Interbody Boundary 
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Body 
n i = Normal Unit Vector 
'-" = Positive Integrat ion 
( c) S i g nCo n V en t ion For In t e r bod y 
Boundary 
Fig. 2.1 General Contact Problem in Three Dim~nsions. 
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(0) 
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(b) (e) 
Fig. 2.2 Graphical Representation of the Slip Function f. 
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(a) 
- t~ 
( b) (c) Sect ion A-A 
Fig. 2.3 Graphical Representation of the Coulomb Slip Constraint 
Generated by the Variational Principle. 
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(a) IIMaterial ll (Serendipity). Cartesian Coordinates. 
(b) IIInterface ll (Serendipity). Cartesian Coordinates. 
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(c) IIInterface ll (Serendipity). 
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(d) "Interface ll (Lagrange). 
Local Coordinates. 
Fig. 3~ 1 Quadratic Isoparametric Finite Elements in Three Dimensions. 
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A 
Thickness = OI ilnterfaceD Elements 
B 
Fig. 3.2 Finite Element Model of a 2-Dimensional 
Contact Problem. Linear Elements. 
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PST :: P rev ious State 
CST :: Current State 
I :: Separat ion Mode 
2 :: St ick Mode 
3 :: Coulcomb SI ip Mode 
4 :: Frictionless Slip Mode 
(L.F.:: 1.0) 
(Eq.3.23) (Eq. 3.23) 
(Eq. 3.25) (Eq. 3.24) 
(L.F. :: 1.0) (Eq. 3.24 ) 
Fig. 3.3 Computation of Load Factors. 
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PST ::: Previous State 
CST ::: Current State 
I ::: Sepa rat ion Mode 
2 ::: Sf ick Mode 
3 ::: Coulcomb SI ip Mode 
4 ::: Frict ionless Slip Mode 
( L.E :: 0 ) ( L.E:: 1.0) 
(Eq. 3..-26) (L.F. ::: 1.0) 
Fig. 3.3 (continued) 
(b) 
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) Coulomb Slip Constraint 
c 
S i , ~u i 
Fig. 3.4 Correction of the Coulomb Slip Constraint 
Due to a Normal Traction Increment. 
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(a) Coulomb Slip Constraint. Finite Increment 
( b) Correct Due To Fini Inc Size 
Fig. 3.5 Correction of the Coulomb Slip Constraint 
Due to a Finite Increment Size. 
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Element Routines 
Element Stiffness 
Generators 
Element Equivalent 
Noda I Loads Routines 
Element Strain 
Generators 
Element Stress 
Generators 
Element 
Rotators 
Created Data 
Structure of Computer Program Finite Showing 
Subsystem JUBUILDIF (I) and Subsystem JUCHECKIF (II). 
NUM 
LI 
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NNODES 
N NODES :: Number of Nodes in The 
Structure 
NSN :: Number 
Fig. 4.2 Additional Data Bases for Contact Problems. 
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Fig. 4.3 Subsystem JUBUILDIF. 
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Fig. 4.4 Subsystem JUCHECKIF. 
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(a) Geometry and Loading. 
(b) Finite Element Representation (PLATE?). 
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(c) Substructuring. 
Fig. 5.2 Plate with Hole under Uniform Tension. 
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Fig. 5.2 (continued) 
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(a) Cantilever Beam with a Friction Plane. Loading Conditions. 
Exact Solu t ion 
o F. E. (Quod rat ic) 
o F.E. (Linear) 
(b) Material Element Stresses Due to Shear Load. Comparison 
between Quadratic and Linear Elements. 
Fig. 5.3 Cantilever Beam under Various Loadings. 
Number of Nodes = 20 I 
of Elements = 20 
(c) Finite Element Mesh. Quadratic Elements. 
Fig. 5.3 (continued) 
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(a) Geometry and Loading. 
Fig. 5.4 Slip Phenomenon for a Circular Inclusion. 
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(b) Coarse Finite Element Mesh. 
Fig. 5.4 (continued) 
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Fig. 5.4 (continued) 
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(b) Fine Finite Element Mesh. 
Fig. 5.5 (continued) 
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(e) Comparison between Interface Tractions and Stresses for BfA = 1.5 
and Two Values of v, and Experimental Results. 
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and Two Values of v, and Experimental Results. 
Fig. 5.7 (continued) 
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APPENDIX A 
ELEMENT SHAPE FUNCTIONS 
The finite element displacements (see Eq. (3.4)) are interpolated by 
u. = Nm uf!! 
1 1 
(A.l ) 
where Nm(~, n,~) are the same shape functions for the material elements, 
the summation convention applies to repeated indices, m varies from 1 to 
the number of nodes in the element and i stands for the directions of 
Cartesian coordinate axes. In three dimensions, i =1,2,3. (~, n,?;) are 
nondimensiona1 curvilinear coordinates of a point in the element. They 
range from -1 to +1. 
Similarly, the traction fiel~ along the interface region S* was 
defined by Eq. (3. 7) as ' 
Am m 
t. = N t. 
1 1 
where in three dimensions, 
(A. 2) 
(A. 3) 
Nm(~, n, ~l) are the material element shape functions evaluated on ~ = ~l, 
i.e., on the boundary of the element. 
Figure 5.1 shows the different isoparametric elements used in this 
study. The shape functions for the 3-dimensiona1 elements are given 
below. Those for 2-dimensional elements can be easily derived from these. 
Let us define the following variables, 
133 
~m, nm, ~m are the nondimensional coordinates of the nodes of the 
element. 
1) Material Elements 
"Linear" 
Nm = -81(1 + ~ )(1 + n )(1 + ~ ) 000 
IIQuadratic" (Serendipity) 
Corner Nodes 
Nm = -81(1+ ~o)(l + no)(l + ~ )(~ + n + ~ - 2) 000 0 
Mid-side Nodes 
~m = 0 
Nm = 1(1 _~2)(1 + n )(1 + ~ ) 4 . 0 0 
IIQuadratic ll (Lagrange) 
Let 
be the Lagrange shape function in one direction (~). Similarly, Lm(n) 
and Lm(~) can be defined. The shape functions in three dimensions can 
be obtained by the product of these. Thus 
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2) Interface Elements 
IILinear" 
Nm = ~41(1 + ~ )(1 + n ) 
o 0 
"Quadratic" (Serendipity) 
Corner Nodes 
Mid-side Nodes 
Nm = -41(1 + ~ )(1 + n )(~ + n - 1) 000 0 
~m = 0 
~m = ~1 
IIQuadratic" (Lagrange) 
where Lm(s) and Lm(n) are the one-dimensional shape functions defined 
in (1) .. 
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APPENDIX B 
COMPUTATION OF THE INTERFACE 
ELEMENT AREA 
The Ustiffness ll coefficients for an interface element are given by 
Eq. (3 11) as 
Cmn = J Nm Nn dS (B. 1 ) S*(e) 
where dS is the differential of surface area. It can be written in terms 
of the local curvilinear coordinates as 
dS = A(~, n) d~ dn (B.2) 
and can be evaluated as follows. 
Figure B.l shows a portion of an interface surface S* defined by 
s = constant. The two curvilinear coordinates ~, n vary over the surface. 
rv 
Each point P on S* can be represented by a position vector R(~, n) given 
by 
rv rv R = x· e· 1 1 (B.3) 
where ~i = cartesian unit vectors, and the summation convention applies 
to repeated indices. The subscript i takes valves 1, 2,3. 
I nitesimal vectors tangent to the curvilinear coordinates are 
defined at each point on S* by 
rv rv 
~~ d~ and ~~ dn (B.4) 
rv 
A vector dS, normal to S* at ~ is obtained by taking the cross-
product of the vectors given by (B.4). 
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I\J I\J 
dS = (~~ X~~) d~ dn (8.5) 
The magnitude of this normal vector gives the differential of surface 
area at the point P. Thus (8.5) can be written 
I\J I\J 
dS = n dS 
or 
dS. = n. dS 
1 1 
Thus this computation yields both dS and the unit normal vector nio 
Us i ng Eq. ( 8 . 3) , 
and 
Eq. (8.5) can then be written as 
(8.6) I\J 
aX l aX2 aX3 dS = a~ ar ar d~ dn 
aX l dX 2 aX3 
aTl an an 
The Cartesian coordinates can be written in terms of the nodal values 
by means of the interpolation functions (Appendix A). Thus 
x. = Nm x~ ( 8 . 7 ) 
1 1 
The derivatives appearing in (8.6) can be expressed compactly in 
matrix form as 
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aXl aX2 . aX3 aN
l aN2 1 xl 1 o ••• C!I •• ar as ~ ~ ~ xl 2 x3 
= 
x2 2 2 aXl aX2 aX3 aN
l aN2 1 x2 x3 
....... 
an an an an an 
where superscripts refer to nodes and subscripts on x refer to Cartesian 
directions. The matrix of shape function derivatives is evaluated at the 
point P. 
The determinant in (B.6) is expanded to give 
(B.8) 
where 
i,j,k=1,2,3 
and i,j,k are cyclic, i . e. , if i = 1, then j = 2, k = 3. 
Then 
A(s,n) = /A2 + A2 + A2 y 1 2 3 (B.9) 
and 
A. 
1 n. = A 1 (B.10) 
Equation (B.8) is evaluated by Gaussian integration. 
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APPENDIX C 
INPUT FILE FOR THE SIMPLE 
LAP JOINT PROBLEM 
r::' 
.... 1 
"J 0 I N T 
C) 
\.1 
TH I ~3 EXA~1PI...E I I... I... U:;:> T 1:< (.:) TES BOTH THE I TEF~tl T I \.!E (':'IND 
INCREMENTAL PROCEDURES. 
C ELEjViENT DE:3Cr~~ I PT I ON 
c 
c 
ELEMENT SEREND TYPE Q2DISOP NU O. STRAINPTS 'NODPTS' 
COc)I:~D I NATES 
:I. o. o. 
2 
:~ 
4 
~:; 
c::o 
... ) 
I 
8 
o. !5 
0') ~) 
o. 
O. 
O. ~) 
O.2~::; 
().2~; 
o. 
o ~ ~:) 
o • ~::j 
() + 2~) 
o " 2~:5 
o. 
ELEMENT INT TYPE INTFACE(~lD FF,ICTN 0.:.3 
COORDINATES 
:I. o. 
2 0.5 
:3 O.2~5 
C DESCRIPTION OF SUBSTRUCTURE "PLATE" 
(" ., 
STF<UCTUF<E PI...I~TE 
NUMBEF< elF NODES :I. 6~:.:i EI...Ef"iENTS ..:{.() 
ELEMENTS (':',1...1... TYPE ~:)EF<END F~DT(.lTIDN n u p P F~ E ~:) SED 
INCIDENCES 
:I. :I. 9 :I. :1. ':f ") :1.0 6 "?' .... , 1',: .. 
") C) :1,7 :1.9 :I, :1, :1.0 :l.H :1,4 jl::' ,: ... 
" 
•.. .1 
-y 
·1 '-I "\1::' "~ -, -I r, ·1 ,-\ ,'\ , ..... "..} ·","lI 
,:) .1. ,. .:,: ,.J J\":' .... .L 7 .1.0 J',,":. (:) ,,::.,,'.: ,;:.,:) 
4 2~) ~53 :~~:,j '")"') ,: .. l I')£. ,,; ..... > ~54 30 3:1. 
~) 3:3 4:1. 4:3 ~5 ~:) :34 4':> A .. 3B 39 
f) 4:1. 49 5:1. 43 4':> A .. ::50 46 47 
. ., 49 I::' "7 ~S9 !5:1. ~:50 1::'0 ~:54 ~:.:.j ~::; I ,,J .- ,.J 1.1 
B I::' "7 ,,J .' 65 i, ""J I .. ' I 1::-';:) ,,} I ~:)B 66 t.'" ' •• I.'!!.. 6::} (1 LI::' I .. ",J 7:3 7~::i 67 11)6 74 '70 '7 :1. 
lO 73 Bl B:.3 7~:j '74 B2 7B 79 
11 
12 
:I. :3 
14 
1 ~5 
16 
t -if 
:l.B 
:1. S.) 
20 
~.~ 1 
r) ") 
A- ~: .. 
23 
2·4-
2~::j 
r) .r: 
.,' •• 1..) 
2"7 
"')n 
• .:•• ~:.o 
29 
30 
::~ :I. 
32 
33 
~34 
3~5 
3e) 
:'5"7 
~~B 
:.:~9 
40 
C 
f' ..
C 
C 
C 
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81 8<) 9:1. 83 82 90 86 8"7 
89 9"7 99 9:1. 90 9B 94 9~5 
9:7 :I. O~5 10'7 99 98 106 :1.02 :1.03 
:1. ()~) :1.1:3 :1.15 :1.07 :1.06 :1.14 :I. :1. () 111 
:1. :I. :3 :1.2:1. :I. ::.~3 :1. :I. ~=:j :1.:1.4 :1.22 118 1 :I. ~;) 
121 129 :1.3:1. :1.2:'5 :1.22 :1.:30 :I. ;.::~6 :1. 2"7 
:1.29 13"7 :1.39 :1.3:1. :1. ~'50 :1.38 :1.34 :1. ~5~5 
1:.37 14~) :1. 4"7 :1. :39 :I. ~5B :1.46 :1.42 :1.43 
:1. 4~5 :1. ~.:;~3 :1. ~::; ~5 14"7 :I. 4e> :1. ~I4 :1. !~.i () :1. ~::j :1. 
:I. !:5~~ :1.6:1. 16:3 :1. ~:.:j!5 :1. ~::i4 :1.62 :I. ~SB :/. ::5(1 
'"1 
'_.1 :1.1 :1.3 ~5 4 :1.2 "7 P :i
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:/.07 :1.:1.5 :1.:1.7 :1.09 :I. (~B :1.:1.6 :1.:1. :I. :1.:1.2 
:I. :I. ~:j :1.2:3 :1. 2~5 :I. :1. '7 :I. :1.6 124 :1.:1.9 :1. 20 
:1.23 :1.:3:1. 13:3 :I.2!::j :1.24 :1.:32 :1.27 :1.28 
:1. :'3 :1. :1.39 141 :1. :33 :1.32 :1.40 :I. :'5!::; :I.:~;6 
:I. "1<;,) 
. ... .J, :1.4"7 :1.49 :1.4:1. :1.40 :1.4B :1.4:3 :1.44 
:1.47 1 !5~) j I::' ... ,• ,oJ I :1.49 :1.4a :I. !::j6 :1. ~:5:1. :L ~=:j2 
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DESCRIPTION OF SUBSTRUCTURE "PLCOND" 
(SUBSTRUCTURE "PLATE"9 CONDENSED) 
BTI:~UCTUF~E PLCOND 
NUMBER OF NODES 32 ELEMENTS 1 
ELEMENT :L TYPE PL.ATE CDNDENBED 
ELEMENT INCIDENCES 
:I. :L 2 3 4 5 113 1:1.8 12:1. 126 129 :1.6:1. 85 88 93 96v 
101 :1.04 109 112 1:1.'7 120 :1.25 :1.28 133 136 141, 
144 149 152 157 160 :1.65 
C DESCRIPTION OF FINAL STRUCTURE "PLANEPL" 
C 
STRUCTURE PLANEPL 
NUMBER OF NODES 85 ELEMENTS :1.2 
ELEMENTS 
1-10 TYPE INT ROTATION SUPPRESSED 
:1.1 TYPE PlCOND ROTATION BUPPRESSED 
12 TYPE PLCOND ROTATED :1.80. 
INCIDENCE'B 
:I. !54 ~56 ~:5!5 :1.2 :1,4 
.-) 
.-: .. ~::i6 ~::jB 1::'-, "J / :1.4 j,6 
3 I::' ("t ,,} ~:) 60 1::-(;) ,,J I :1.6 :1.8 
4 60 62 6:1. :1.8 :~~ 0 
~:j i. ") \,),,',. 64 i. ") ,,) ,: 20 ::.~ :~~ 
6 64 66 6~:5 r) '') ,: .. ,,\~ .. 24 
, .. , 
/ 66 68 c) '7 :24 ':> .I, A .. \.1 
C) 
\,J c'>B 70 i, <:.' \ .. ' , ~:,~6 2B 
C.) 
'70 72 7:1. 28 30 
:1.0 72 '74 "')"X I "J :30 32' 
l:l. :I. ") A" ",r ... J 4 I::' "J 6 '7 
:1.7 :l.B :1.9 20 2:1. 
:1.2 ()I::-\.1, .. ' 84 8~'.) 82 8:1. 
69 6B i."" dl 66 65 
c 
C CONSTRAINT DEFINITION 
c 
c 
CONnTF~A INTS 
1. .... ~.) U V:::: 0 + 
n :1. .... 8 ~:) 1....1 :::: () {-
C LOAD DEFINITION 
C 
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:1,3 33 ~3!::; 34 
:1, ~:j "xr.:' 
"J,.1 37 36 
1,7 7'-; ";) , 39 3B 
:I. S) :39 4:1. 40 
:2:1. 4:1. 43 4 ") • .1: •• 
23 4:3 4~:5 44 
~,~~5 4~::j 47 4,~) 
")-') 
.J!.. ~ 47 4° , , / ·4B 
29 49 5:1. ~)O 
:3:1. ~5 :I. ~::j3 ~::j2 
B <y :1.0 1.:1. :1.2 :I. :'5 
r) ''') 
,:. . .,:.. ~~:3 24 ''') ,:;' ,,~, ... J 26 
80 79 78 :77 .. ~, i. I \.) 
64 ,(, "X \.J,.} i. ") ,,),,' .. 6:1. 60 
LOADING TOTAL. 'CLAMPING FDF;~CESI' 
NODAL. 1...[)I~D8 
c 
6 :1.0 FORCE Y 0.08333333 
7 9 FORCE Y 0~33333333 
8 FORCE Y O+:l.666666/' 
:76 SO FORCE Y -O~08333333 
77 79 FORCE Y -0.33333333 
:78 FORCE Y -O~l666666:7 
:1.4 :L ~::i :1,6\1 
27 2B 29 
, .. , r.:-
" ,.I /,4 '73 
!:59 ~:5B ~':;7 
I... DAD I NG I NCI:~EMENT f.. I... .' t.IX I AI... (PULl...) FDF~CES I 
c 
c 
NODAl... LOADS 
81 85 FORCE X O~020B3333 
82 84 FDRCE X 0.08333333 
83 FORCE X 0.04166666 
c * * * * * I T E F\~ A T ION S rOB D 1 ... 1..) E F 0 F;~" II TOT A 1..." I... n (:':} II * * * >l< * 
('" 
" 
c 
30 ::) :I. 
'72 7:1. 
1::',<' 
"JI,) ~5 ~:5 
C F I F~ !:) TIT E HAT I () N ~ (.~I 1...1... II S T I~~ E S B N () DES 1/ IN" ~:~ TIC 1<" M D D E ~ 
C" 
" 
32 
/'0\1 
~::;4 
COMPUTE II I BPI... FOF{ BTHUCTI...IHE PI...ANEPI... FOH I...DJ~DI NG TOTAl ... 
COMPUTE GTF~A I N~:) :I. .... :1, () FOF{ STF~UCTU::~E PI ... I~NEPI... F(JF~ L.Df.1D I NG TOTAl... 
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C C SECOND ITERATION. 
C 
C 
ACCESS STRUCTURE PLANEPL 
COMPUTE DISPL FOR STRUCTURE PLANEPL FOR LOADING TOTAL 
COMPUTE STRAINS 1-10 FOR STRUCTURE PLANEPL FOR LOADING TOTAL 
C LAST ITERATION. NO MORE CHANGES ON "STRESS NODES". 
C OBTAIN RESULTS DUE TO "TOTAL" LOADING. 
c 
ACCESS STRUCTURE PLANEPL 
OUTPUT DISPL STRESSES FOR STRUCTURE PLANEPL FOR LOADING TOTAL 
C 
c 
C ***** START INCREMENTAL PROCEDURE ON "INCREMENTAL" LOAD ***** 
c 
c 
c 
C FIRST INCREMENT 
c 
C 
ACCESS STRUCTURE PLANEPL 
COMPUTE DISPL FOR STRUCTURE PLANEPL FOR LOADING INCREMENTAL 
COMPUTE STRAINS FOR STRUCTURE PLANEPL FOR LOADING INCREMENTAL 
C SECOND INCREMENT 
C 
C 
C 
C 
C 
C 
ACCESS STRUCTURE PLANEPL 
COMPUTE DISPL FOR STRUCTURE PLANEPL FOR LOADING INCREMENTAL 
COMPUTE STRAINS FOR STRUCTURE PLANEPL FOR LOADING INCREMENTAL 
c CUM U L A T I VEL () I~ D FA C r () F~ :::: :I.. 0 c) B T A I N FIN A I... i=~ E S U L T S • 
C·' ., 
ACCESS STRUCTURE PLANEPL 
OUTPUT D ISPL..· STI~ESSES F(}I~ STF~UCTURE PLANEPL FOR L.OADING TOTAl ... 
STOP 
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APPENDIX D 
DISCRETIZATION OF THE 
MATERIAL FUNCTIONAL 
A functional I(u i , t i , It, Aa)similar to a potential energy rate 
was defined in Chapter 2 and was later separated into "materia1 1i and 
"interface" functiona1s in Chapter 3. The interface functional (Eq. (3.3)) 
was then discretized, arriving at Eq. (3.14). The material functional 
(Eq. 3.2) is the same used to solve general elasticity problems. The 
discretized form is given by Eq. (3.15). For completeness, Eq. (3.15) 
will be derived in this section. 
.... r-_ I" n' I rom t.q. \,). L) 
where 
F. = prescribed body force rate in Ve 1 
f. = prescribed surface traction rate on se 1 t 
u. = displacement rate field 1 
E: •• = strain rate tensor 
1J 
(j •. = lJ stress rate tensor 
The strain-displacement relation is defined by 
1 au. au . 
E:.. = - (_1 + ~) lJ 2 aX j aX i 
or using the Kronecker delta, 
t. u. dS 
1 1 
( EL·l ) 
(0.2) 
(0.3) 
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Also, the stress field is related to the strain field by the relation 
where D;jk2 is the material properties tensor which has the following 
symmetric properties. 
D;jk2 = Dk2 ij 
D i j k2 = 0 i j 2 k . 
D i j k2 = OJ i k2 
Equation (0.3) and the second symmetry property (0.5) yield, when 
substituted into (0.4), 
From Equations (D.3) and (0.6) 
a .. E •• 
1J 1J 
where the third symmetry property (0.5) has been used. 
The displacement field and the Cartesian coordinates are given in 
terms of the nodal quantities by Eq. (3.4), or 
m m IJ = f,1 II • 
-; .'1 ..... 1 
(0.4) 
(0.5) 
(0.6) 
(0.7) 
(0.8) 
where Nm are the shape functions for the isoparametric elements (Appendix A). 
Substituting of Eqs. (0.7) and (0.8) into (0.1) gives 
(e) _ 1 m Kmn n Qm m pm. urn. IMAT - "2 ui ij uk'" i ui - 1 1 (D.9) 
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where K~~ are the coefficients of the element stiffness, defined by lJ 
Q~ and P~ are the equivalent nodal loads due to the prescribed body 
forces and surface tractions respectively. They are given by 
Qf!1 = 1 Jve F. 1 N
m dV 
and 
p~ = r Nm dS J t. 1 Se 1 
t 
(0.10) 
(0.11) 
(0.12) 
Closed form integration of Eqs. (0.10), (0.11) and (0.12) is generally 
not possible. Numerical integration must be used. It is most conveniently 
carried out in the local ,curvilinear coordinates as follows. 
1) Element Stiffness Matrix 
In terms of the local curvilinear coordinates, dV can be written as 
dV = IJI d~ dn ds (0.13) 
where IJI is the determinant of the Jacobian matrix. It is given by 
aX1 aX2 8X3 
aT ar- a~ 
[J] 
aXl aX2 aX3 
= 
an an an 
aXl aX2 aX3 
~ ~ as 
or using Eq. (0.8), 
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I aN' aN2 eo ..... It • 11 xl xl 
a~ ar- xl 2 3 
[J] aN
1 aN2 
" lit • IS • 0 " 2 ·2 2 (0.14) = an an xl x2 x3 
aN 1 aN2 •••• 8Ot 
as as 
Substitution of Eq. (0.13) into (0.10) gives 
(0.15) 
The local derivatives of the shape functions can be written in terms 
of the global derivatives by means of a differentiation rule. In matrix 
form it can be written as 
aN' aN2 a III 9 ••• 1/11 aN l aN2 CI 0' •• CI III til 
ar- ar- aX l aX l 
aN l aN 2 oa f!I 1& 0 'It e 0 
= [J] . aN l aN2 G • e 0 CIt •• (0."6) an an aX2 aX2 
aN l aN2 ft°O.'OQ aN1 aN2 o Q •• q • 0 
as as aX3 aX3 
Numerical integration of Eq. (0.15) is now possible. Using Gaussian 
quadrature, the Jacobian matrix and the derivatives of the shape function in 
local coordinates can be evaluated. Inverting the evaluated Jacobian 
matrix, the global derivatives are obtained. 
It should be noted that for elastic isotropic and homogeneous 
materials, the constitutive tensor is independent of position and can be 
taken outside the integral. In terms of the Lame's constants ~ and ~, 
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(0.17) 
and 
vE 
I = (1 +v ) ( 1 - 2v ) 
(0.18) 
E 
11 = """'-'21--1 +-v-'-) 
where 
E = modulus of elasticity 
v = Poisson1s ratio 
2) Equivalent Nodal Loads 
Using Eq. (0.13), the equivalent nodal loads due to the prescribed 
body forces are given by 
111 Q~ = I r I F. Nm IJI d~ dn d~ 
1 -1 L, -1 1 (0.19) 
Similarly, 
dS = A(~,n) d~ dn 
assuming the tractions have been applied at a surface .~ = constant. 
Then, 
(0.20) 
where A(~,n) can be evaluated as described in Appendix B. 

A (e) = 
A(t:,n) d~ dn = 
[C] = 
[Csep] = 
[Cst] = 
[Ccsl ] = 
[Csl ] = 
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APPENDIX E 
NOMENCLATURE 
area of interface element 
differential area of interface element in local curvilinear 
coordinates 
IIstiffness" coefficients for interface elements 
IIstiffness" matrix for all interface elements 
the part of [C] corresponding to nodes in "separation" mode 
the part of [C] corresponding to nodes in "stick ll mode 
the part of [C] corresponding to nodes in "Coulomb slip" mode 
the part of [C] corresponding to nodes in IIslipll 
(frictionless) mode 
D;jk£ = elastic material properties tensor 
dS = differential of surface area of interface element 
(= A(t:,n) dt;dn) 
dS. = Cartesian components of the differential of surface area 
1 
E = modulus of elasticity 
~. = Cartesian unit vectors 
1 
f. = Cartesian components of the prescribed "body forces in V 
1 
f = slip function 
G = shear modulus 
Hl , H2 = weight factors for numerical integration 
i = directions of Cartesian coordinate axes (i = 1,2,3) 
I = a functional for contact problems, similar to a 
potential energy rate 
[J] = Jacobian matrix of the transformation 
IJI = "Jacobianll; the determinant of the Jacobian matrix 
K~~ = coefficients of the material element stiffness matrix lJ 
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[K] = element stiffness matrix 
Lm = one~dimensional isoparametric Lagrange shape function 
for node m 
LoF. = "load factor li , the fraction of the load that causes 
one stress node to change mode 
S, , 
Nm = isoparametric shape function at nodem 
Nm = interface shape function at node m 
ru 
n = unit vector, normal' to S* 
n. = Cartesian components of ~ 
1 
{P} = load vector due to prescribed surface tractions 
for the entire structure 
P~ = ;th component of load at node m due to surface tractions 1 
P .. = projection operator lJ 
{Q} = equivalent load vector for the entire structure 
due to prescribed body forces 
Q~ = i!h component of load at node m due to body forces , 
ru R = position vector 
S = total surface of the structure 
S2 = surface of body 1,2, 
S = portion of S on which displacement boundary conditions 
u are given 
St = portion of S on which surface tractions are given 
S* = interbody boundary region 
ru 
unit vector, tangent to S* s = 
Cartesian components ru s. = of s 
1 
s~m) 
= component i of ~ evaluated at node m 1 
[S] = a matrix containing all ~onstant coefficients s ~m) 1 
S* (e) 
= interelement boundary region of element e 
~ = tractor vector alongS* 
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tN = normal component of ~ 
t magnitude of the tangential '\; = component of t s 
t. = 
1 
Cartesian components of 't 
tSi = Cartesian components of ts 
t~ Cartesian '\; . node m = components of t at 1 
m Cartesian components of ts at node m ts; = 
cm IIcomputed ll values of t~ t. = 
1 1 
t r = a constraint correction due to a finite load increment s 
{t} = a vector containing all t~ 
ti = Cartesian components of the prescribed surface tractions on St 
'V 
u = displacement vector 
Cartesian components 'V u. = of u 
1 
m Cartesian ,components 'V node m u· = of u at 1 
cm 
= "computed" values of u~ ut 1 
{u} a vector containing all m = u. 
1 
v = total volume of structure 
= volume of body 1,2, 
volume of element e 
'Va _I,') v , a = '- = unit vectors tangent to'VS* forming a right-handed 
orthogonal system with n 
vCi; = Cartes i an components of ~ a 
1 
vCi;(m)= component i of ~Ci evaluated at node m 
1 
[Va] = a matrix containing all constraint coefficients v~(m) 
wl ' w2' w3 = nodal Ulweight
li factors for numerical integration rule 
(x,y~z),(xl,x2,x3) = Cartesian global coordinates 
xr = Cartesian global coordinates of node m 
~~ = relative displacement vector alongS* 
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normal 'V ~uN = component of ~u 
Cartesian 'V ~u. = components of ~u 1 
~u~ = Cartesian components 'V node m 1 of ~u at 
~ cm = "computed" values of ~u~ U. 
1 1 
{~u} a vector containing all m = ~u. 1 
<5 = variational symbol 
<5 •• = Kronecker delta == {6 if i = j} lJ if i ~ j 
s .. = strain tensor lJ 
A = Lagrange multiplier corresponding to Coulomb slip rule 
ACY. = Lagrange multiplier corresponding to frictionless slip 
Am = Lagrange multiplier at node m, 'corresponding to global 
Coulomb slip constraint 
ACY.(m) = Lagrange multiplier at node m, corresponding to global 
frictionless slip constraint 
{A} = a vector containing all Am 
{ACY.} = a vector containing all ACY.(m) 
A, ~ = Lame1s constants 
~ = friction coefficient 
v = Poisson's ratio 
~, n, ~ = nondimensional isoparametric coordinates 
~m, nm, ~m = nodal values of the isoparametric coordinates 
G •• 
lJ 
UlOIl 
11111 
Ilsep" 
= stress tensor 
== radial, hoop and shear stresses in polar coordinates 
= an upperscript indicating a variable represents a 
cumulative quantity 
= an upperscript indicating a variable represents an 
incremental quantity 
= a subscript indicating the variable corresponds to 
the part of S* in "separation ii 
rule 
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list" = a subscript indicating the variable corresponds to 
the part of S* in II stick" 
"esl ll = a subscript indicating the variable corresponds to 
the part of S* in "Coulomb sl i pI! 
II slll 
= a subscript indicating the variable corresponds to 
the part of S* in "slipll (frictionless) 

